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1 Lecture 1

1.1 Setup

Let © be an arbitrary set (the parameter space) and let {Py : # € O} be a collection of
probability measures defined on a measurable space X' (the sample space). Throughout this
course we will almost always assume the existence of a o-finite measure p that dominates
the collection {Py : # € ©}. This allows us to define densities py(x) = % via the Radon-
Nikodym derivative. Because of this we may equivalently refer to the family as the collection
of probability density functions {py : 0 € ©}.

One of the central problems of statistics is the so-called inference problem: We observe
a sample X ~ Py where # is unknown and we wish to infer g(f) where g : © — R is some
known function. To solve this problem we define an estimator § : X — R which we hope
provides a reasonable estimate of the true value of g(). Reasonable is defined in terms of a
loss function L : R? — R where lower values of the loss L(§(X), g(#)) correspond to better
estimators. Notice that the loss is a random variable (since X is random). To alleviate this
we define the expected loss or risk R(,) = E[L(5(X), g(#))] where the expectation is taken
with respect to Py. Since the risk is non-random, we can now sensibly talk about minimizing
it for different values of 6.

Example 1.1. Let X;,..., X, % N(6,1) for some § € R and ¢g(f) = 6. Some possible

estimators are the sample mean §;(X) = X and the all zero estimator d,(X) = 0. For the
squared error loss function L(z,y) = (z — y)? their risks are R(#,8;) = + and R(6, §5) = 6°.
Hence 95 has lower risk for || < \/iﬁ and higher risk for |6 > \/Lﬁ

The above example uncovers an important issue. How can we determine which of the two
estimators is better? The problem being that neither one has lower risk than the other (that
is lower risk uniformly in #). We will explore many frameworks in this class (unbiasedness,
minimax, Bayesian) to address this issue.

1.2 Sufficiency

Often when we are given a high-dimensional sample X we may be able to make a reduction
to a simpler statistic 7'(X) without discarding relevant information. Towards this end we
define a sufficient statistic.

Definition 1.2. A statistic 7'(X) is sufficient for {Py : § € O} if the conditional distribution
X | T(X) does not depend on 6.

An important theorem involving sufficient statistics is the Neyman-Fisher factorization the-
orem.

Theorem 1.3 (Neyman-Fisher). Let py(x) = %"(x) be the densities admitted by the collec-
tion {Pp : § € O} with respect to a o-finite dominating measure p. Then 7'(X) is sufficient
for {Py : 0 € O} iff pg(x) = go(T'(z))h(z) [p a.e] where gp, h are non-negative measurable
functions.



Proof. We will give the proof for the finite case only (i.e. where |X| < 00). It is left as an
exercise to the reader to prove the general case. Suppose that

po(z) = go(T(x))h(x)
for all x € X. Then,

Po(X =2, T =1)
> ,exPo(X =y, T =1t)
_ 91T (z) = 1]
9o(t) D yex MY)1[T(y) = 1]
_ h@[T(z) = ]
> yex h(W)T'(y) =t

Since this is independent of § we have that T'(X) is sufficient.
Now suppose that T'(X) is sufficient. Then,

Po(X =2 |T=t)=

po(x) = Py(X = x)

=Py(X =2, T(X) = T(x))
— PolX =2 | T(X) = T(a))- Bo(T(X) = T(a)).
() 90(T'(x))
The function h above is independent of € because T'(X) is sufficient. O

Remark 1.4. To prove the general case of the Neyman-Fisher theorem it is useful to recall
the conditional change of measure formula. Let P and @) be such that @ is absolutely
continuous with respect to P. Let L = % be the Radon-Nikodym derivative. Then the
conditional expectation of X under () is given by:

Ep[XL | d]
Ep[L ]G]

Suppose that C”P“’( ) = go(T(x))h(z) and apply the above formula to P = pu, Q@ = Py,
X =14, and G = o(T). This yields

EqlX | G] =

EuLa% |7

Py(A| T) = BT

Plugging in ‘lef( x) = go(T(x))h(x) and canceling common factors is enough to prove one

direction of the general case.



2 Lecture 2

2.1 Minimal Sufficiency

Sufficient statistics are not hard to find. In fact given a sample X, the trivial statistic
T(X) = X is always sufficient. One may then ask if there is a minimal sufficient statistic.

Definition 2.1. A statistic 7'(X) is minimal sufficient if for all sufficient statistics S(X),
there exists a measurable map f such that T'(X) = f(5(X)) [a.s. Py] for all 6.

Definition 2.2. For a pdf p(x) we define its support as the set {x : p(z) > 0}.

Theorem 2.3. Let © = {6,061, ...,0;} be finite. Let the pdfs pg,, pe,, - - - , P, have common

support. Then x) x) x)
[ pe,(X) pe, (X Pe,, (X
100 = (25 e )

is minimal sufficient.

Proof. Observe that

_ pee(x) ) — 2, T
pe, () = peo(ﬂf)p%( ) = [T(x)]e - poy ()

is a product of a function of T'(x) and a function that is independent of §,. Then by the
Neyman-Fisher theorem 7" is sufficient. Now let S(X) be any other sufficient statistic. Then
by the Neyman-Fisher theorem there exist functions such that

90, (5(2)) g0,(S(x)) 9o, (S (x)))
900(S())" 980 (S(x))" " g8, (S ()

Hence T is minimal sufficient. O

= [(5(x)).

p@e(x> = 99[(5($>)h(;p) — T(ZL‘) — (

Example 2.4. Let X,..., X, “ N(0,1) and let 6 € © = {0,1}. Then from the above

theorem we know that L )
po,(X) _ezximXiD nX-n/2

po(X)  edzmar©

is minimal sufficient. Since this is a one-to-one function of X this implies that X is minimal
sufficient.

The previous theorem allows us to find minimal sufficient statistics in finite families. The
following result allows us to find minimal sufficient statistics in larger parametric families.

Theorem 2.5. Let the collection of pdfs {py : 6 € ©} have common support. Let Oy C ©.
Assume that,

(a) T(X) is sufficient for {py : 0 € O},
(b) T(X) is minimal sufficient for the sub-family {py : 0 € ©}.

Then 7'(X) is minimal sufficient for the whole family {py : § € ©}.
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Proof. Let S(X) be sufficient for {py : 6 € ©}. Since sufficiency is a property that holds
uniformly over 6, S(X) is still sufficient for the smaller family {pg : 0 € ©¢}. Since T'(X) is
minimal sufficient for the smaller family there exists a measurable map f such that "= f(5)
la.e. pg] for all § € ©y. Since the densities have common support they have the same null
sets. Hence we have that T'= f(S) [a.e. py] for all # € ©. Hence T is minimal sufficient for
the larger family. O]



3 Lecture 3

3.1 Exponential Families

Definition 3.1. A collection of densities {py : 6 € O} is said to form a k-dimensional
exponential family if

po(z) = exp (Z ni(0)T;(x) — B(G)) h(z), Vo e X, 0 e0.

Remark 3.2. Notice that an exponential family always has common support. Thus the
family of U(0, ) distributions does not form an exponential family. In the homework we will
show that the Cauchy location family is not an exponential family either.

Theorem 3.3. Let {py : 0 € ©} be an exponential family with densities

po(z) = exp (Z n:i(0)T;(x) — B(ﬁ)) h(zx), Ve X, 0e0.

Let I' = n(©) = {(m(0),...,m(0)) : 6 € ©} C R*. Suppose there exists vy, vy,...,vp € T
such that vy — vy, vy — vg,..., v, — vy are linearly independent. Then 7'(X) is minimal
sufficient.

Proof. Let 0y,6,,...,0; € © be such that n(6;) = v;. By the Neyman-Fisher theorem 7'(X)
is sufficient. Then by the previous theorem it suffices to show that T is a function of

e(vk—vo>TT<w>6B<eo>—B<ek>) ‘

g oo ey

<p91 (1") Po, (23)) _ (e(m—vo)TT(z)eB(Ho)—B(Bl)
Do, (ZL“)7 ’ Do, (ZL")

This is the case if and only if T is a function of

u(e) == ((nn —v0) T T(@), ..., (k. —v0) T(x)) .

Let A be the matrix whose rows are (v; —vg) ', ..., (vx —vo)". Then u(z) = AT(x). Since
the rows are linearly independent, A is invertible, and hence T'(z) = A~ u(z). O
Example 3.4. Let Xy,..., X, w
densities of the form

1 «— , I¢ n )
po(z) = exp <—ﬁ;xz + 52211‘1 - 5[1 + In(276 )]) :

The sufficient statistic is 7(X) = (31, X2, >°1" | X;) and the natural parameter space takes

the form -
_ D +
77(@)—{( 292,0).9€R}.

Taking 60y, 61,02 = 1,2,3 it is not hard to check that n(6;) — n(6y) and n(62) — n(6y) are
linearly independent. Then by the previous theorem 7" is minimal sufficient.

N(0,6%) for 6 > 0. This is an exponential family with
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3.2 Completeness

Consider a statistic A(X) whose distribution does not depend on §. What do we expect the
relationship to be between A(X) and a minimal sufficient statistic? Intuitively we expect
them to be independent. If they weren’t there would be some “piece” of the minimal sufficient
statistic that depends on A(X). Since A(X) has no information about 6, we would be able to
remove that piece to get an even more minimal statistic. Of course this is highly informal but
the idea of completeness follows from this sort of thinking. In particular the above suggests
that if 7' is minimal there should not exist a non-trivial map f such that A(X) = f(7).
Equivalently, if the distribution of f(7") does not depend on 6 then f must be trivial (that
is f(z) = ¢). The definition of completeness slightly relaxes this notion. Instead of requiring
that the distribution of f(7') does not depend on 6 we only require that the expected value
of f(T) does not depend on 6.

Definition 3.5. We say 7'(X) is complete for {Py : § € ©} if, for every measurable function
f satisfying Eg| f(T')]| < oo for all 6 € O,

Eof(T)=0foralld € ® = f(T)=0 [Pp-as.]forall § € O.

Theorem 3.6. Let {py : 0 € O} be an exponential family with densities

) = exp (Z n:(0)T(x) — B(H)) hz), VzeX, feco.

Suppose I' = n(©) has a non-empty interior. Then 7'(X) is complete sufficient.

Proof. We will first give a proof of this result when £ = 1 and X is countable. Let f be a
measurable function such that ]Eg\f(T(X))| < oo and Eyf(T'(X)) =0 for all # € ©. Then

0= Z F(T n(0)T (z Z F()e" (1)
zeX teT(X)
where k(t) := >, cr-1 h(z). Hence
Z FrEO k() = Y f ()" k(1) (1)
teT(X teT(X)

By the assumption that I" has non-empty interior we know there exists 79 € I" such that (17—
d,m0 +0) C I' (for § small enough). Let ¢ := 37, py) fT(#)e™ k() = 3 crxy ()™ k(2).
If ¢ = 0 then we must have fT(T(X)) = f~(T(X)) = 0 a.s pg which implies f(T(X)) =0
a.s. py completing the proof. Then suppose ¢ # 0. Then we can define densities

() = %f*(tw%(t) and (1) = /(D) k(@).

From (1) follows that

Z prt)e = D pr(t)e

teT(X teT(X)
for all A € (—0,9). By the uniqueness of MGF's it follows that p* = p~ and therefore that
HT(X)) = ( (X)) a.s. pp. Hence f(T(X)) =0 a.s. pp completing the proof. O
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The above proof is fairly intuitive. We can generalize it to the case where k£ and X are
arbitrary as follows:

Proof. Let f be a measurable function such that Eg|f(7'(X))| < oo and Eof(T(X)) =
0 for all # € ©. Then

/f Dh(z)dp(z) =0 for all y € T,

Observe that h(z) is non-negative (else the density defined by the exponential family would
be negative) so we can define a measure v by v(4) := [, h 4 . Hence for all v € T,

/ F(T@)e "™ @dy(z) =0 = / F®)e td(w o T™Y)(t) = 0.
T(X)
Note that v o T~! denotes the pushforward of v by T.. Then for all v € T,

Fr)e o T / Fo e td(v o TH(1), (2)
T(x)

with both sides positive and finite. We will now carefully define two probability measures
to simplify the equality above. Since I' has a non-empty interior choose 7y € I' so that
B(7) C T for some r small enough (here B,(z) denotes the open ball of radius r centered
at ). Using o define the measures p™, p~ by

T(A) :/Aer(t)e'YOTtd(yoT_l)(t) and p (A) ::/Af—(t)e%Ttd(yoT_l)(t).

Suppose that p™(T(X)) = 0. Since the integrand above is positive this implies that f*(¢) =0
la.e. v oT™1]. Undoing the pushforward we have that f*(7T(x)) = 0 [a.e. v] which implies
JHT(X)) = 0 [a.s. py] for all 6 € © (since p dominates {py : § € ©}). A similar line
of reasoning shows that p~ (T'(X)) = 0 implies f~(7T'(X)) = 0 [a.s. py] for all § € ©. By
(2) we have that p*(T'(X)) = 0 if and only if p~(T(X)) = 0. Hence if p™(T(X)) = 0 or
p (T'(X)) = 0 then f(T(X)) = 0 [a.s. pp]. This completes the proof for the case that
pH(T(X)) =0 or p~(T(X)) = 0.

Next suppose that p™(T(X)) > 0 and p~ (T(X)) > 0. Since these are finite measures we can
normalize them to produce probability measures P™ and P~. Then (2) implies that for all

) € B,.(0),
/ STt APt (t) = / St AP (1).
(%) T(X)

with both sides finite. By the uniqueness of MGFs we have that P™ = P~ which implies
pt = p~ and therefore that f*(t)e® ! = f~(t)e% ! [a.e. voT!]. Canceling €% ! and undoing
the pushforward we have that f*(7T(z)) = f~(T(x)) [a.e. V] and therefore that f(T(x)) =0
la.e. v]. Since v dominates {py : € € O} this completes the proof. ]

The above theorem is quite general. It allows us to easily identify a complete sufficient
statistic when working with exponential families. As was hinted at in the beginning of this
section, we also have the following theorem connecting completeness to minimality.

9



Theorem 3.7. Let T be complete sufficient and suppose that a minimal sufficient statistic
exists. Then T is minimal sufficient.

Proof. Let U be minimal sufficient. It suffices to show that 7T is a function of U. Let
g(U) = Ey[T | U] (note that g is independent of 6 since U is sufficient). Since U is minimal
we also have that U = f(7T') for some measurable map f. Then

Eo[T — g(f(T))] =Ep[T —E[T | U]] =0 for all 6 € O©.
Since T is complete this implies that 7' = g(f(T")) = g(U) [a.s. Py] for all 6 € ©. O

Example 3.8. Let Xq,..., X, % U(0,80) for @ > 0. In the homework we will show that X,

is complete sufficient.

10



4 Lecture 4

4.1 Ancillary Statistics
Definition 4.1. A statistic S(X) is ancillary if its distribution is independent of 6.

Theorem 4.2 (Basu). If T(X) is complete sufficient and S(X) is ancillary then 7'(X) and
S(X) are independent.

Proof. Observe that Py(S(X) € A | T) for a fixed set A is a measurable function of 7.
Moreover this function is independent of 6 because T is sufficient. Define h(T) = Py(S(X) €
A|T)—-P(S(X) € A) so that Egh(T) = 0 for all § € ©. Then by the completeness of T" we
must have that h(T") = 0 [a.s. Py] for all # and therefore that Py(S(X) € A | T) =P(S(X) €
A) [a.s. Py] for all . Thus,

Py(S(X) € A, T(X) € B) =Ey[Py(S(X) € A| T1[T(X) € B]]
0 (X) € A1[T(X) € B
(S(X) e AP(T(X) € B).

O
Example 4.3. Let X;,..., X, w U(0,0) for > 0. Recall that X, is complete sufficient.

Moreover letting Uy, ..., U, w U(0,1) observe that X,..., X, 4 0U,, . ..,0U, and therefore

X X d U U X; . . )
that = ... o — 21 2 Hence 2+ is ancillary for each 7. Then by Basu’s

X(n) ’X 7 Xn) Uny? "7 Uy X(n) Y Y
theorem X(") and X(,) are independent for each «.

4.2 Unbiased Estimators
Definition 4.4. An estimator § : X — R of g(0) is unbiased if Eg[0(X)] = g(#) for all § € ©.

Theorem 4.5. Define A = {4 : § is unbiased for g(f) and Eg[§(X)?] < 0o,Vl € O} and

U = {U : U is unbiased for 0 and Ey[U(X)?] < 0o,V0 € ©}. Then § € A uniformly
minimizes variance across A if and only if Covy(dy(X),U(X)) =0 for all U € U, 6 € O.
Such a dy is called a Uniformly Minimum Variance Unbiased Estimator (UMVUE).

Proof. Suppose ¢y is UMVUE. Then Vary(do(X)) < Vary(6(X)) for all 6§ € A and 6 € ©.
Let U € U. Then for all A € R, §p + \U € A, and

Varg(do(X)) < Varg(6o(X) + \U(X)),
0 < 2X Covy(do(X), U(X)) + A2 Varyg(U(X)).

If Vary(U(X)) = 0 then U is almost surely constant implying that Covy(do(X), U (X)) = 0.
If Varg(U(X)) > 0, choose
_ Covg(00(X), U(X))

A= Varg(U(X))

11



Substituting this value of \ yields

Covy(do(X),U(X))?
TV 2

which is possible only if Covy(do(X),U(X)) = 0.
Next suppose that Covy(dg(X),U(X)) =0 for all U € U, § € ©. Then for any § € A,

Varg(§(X)) = Varg(6(X) — 0o(X) + do(X))
= Varg(6(X) — 0o(X)) + Vary(do(X)) + 2 Covy(d(X) — do(X), do(X)).

Since §(X) — dp(X) € U the covariance term above is 0. Plugging this in we have that
Vary(6(X)) = Varg(6(X) — 0o(X)) + Vary(6o(X)) > Varg(dp(X)). O

Remark 4.6. While this theorem and proof may seem a bit unintuitive they are actually
products of a simple geometric fact. Fix a particular § and observe that A and U are
both affine subspaces of L?(IPy). In particular U is a linear subspace (it passes through
0) and A is just a translation of U. Moreover since every § € A has the same mean,
minimizing variance across A is the same as minimizing L* norm (this follows from the Bias-
Variance decomposition of the norm). And since every U € U has zero-mean, the statement
Cov(§(X),U(X)) = 0 is equivalent to saying that § and U are orthogonal in L?. Then we
can reframe this theorem as stating that the element of A with minimum norm is the same
as the element of A which is orthogonal to U. This may seem obscure but the picture below
should make this clear.

A (Unbiased for g(8))

o—-6nEl

&p (UMVUE)

Cn

L"(Unbiased for 0)

12



Example 4.7. Let X be a discrete random variable on {—1,0,1,2,...} such that P(X =
—1)=pand P(X =2z) = (1 —p)?p® for z > 0. Let p € (0,1). In the homework we will show
that the only functions which have a UMVUE are those of the form g(p) = a + b(1 — p)? for
a,beR.

Example 4.8. Let X ~ Binom(2,p). Observe that the expected value of any estimator
§(X) will be a quadratic in p. Namely E,0(X) = (1 —p)25(0) + 2p(1 — p)d(1) + p*d(2). This
implies that no unbiased estimator (and therefore no UMVUE) exists for g(p) not of this
form. For instance g(p) = p® has no UMVUE.

13



5 Lecture 5

5.1 Rao-Blackwell

Theorem 5.1 (Rao-Blackwell). Let L(-, g(6)) be a convex function for each value of 0. Let
T(X) be any sufficient statistic and §(X) be any estimator such that Ey|d(X)| < oo and
R(0,6) = EyL(6(X),g(0)) < oo. Define h(T) = Ey[0(X) | T]. Then R(0,h) < R(0,9)
(the inequality is strict if L(-, g()) is strictly convex and §(X) does not almost surely equal
h(T)).

Proof. This is just an application of Jensen’s inequality (the conditional form). In particular,

with the inequality being strict if the conditions in the latter part of the theorem hold.
Taking expectations on both sides yields the desired result. O

Theorem 5.2 (Lehmann—Scheffé). Let T'(X) be complete sufficient for 6. Let 6(X) be
an unbiased estimator of g(#) with finite risk R(0,d) = EoL(0(X),g(0)). If L(-,g(0)) is
convex then h(T) = Ey[6(X) | T] is unbiased and is a minimizer of R(f,-) among unbiased
estimators. If L(-, g(#)) is strictly convex then h(T") = Ey[0(X) | T] is the unique minimizer
of R(f,-) (uniqueness holds up to almost sure equivalence with respect to Py).

Proof. Let 6(X) be any unbiased estimator of g() and define h(T) = Eg[5(X) | T]. By the
tower law Egh(T) = Eg0(X) = g(0) so h(T) is still unbiased (and the same holds for h(T)).
Then Eg[h(T) — h(T)] = 0 for all # so completeness implies that h = & [a.s. Py]. By the
previous theorem if L(-, g(8)) is convex then R(#,h) < R(6,4). Since h = h [a.s. Py] we have
that R(0,h) < R(6,5). Hence h(T) is a minimizer of R(f, ) among unbiased estimators.
If L(-,g(0)) is strictly convex the previous theorem implies that R(6,h) < R(6,0) unless
0 = h(T) [a.s. Py]. Hence h(T) is the unique minimizer. O

Example 5.3. Let Xi,..., X, ~ N(u,0?). A complete sufficient statistic is (X, &) (the
sample mean and bias-corrected sample standard deviation). Suppose we want to find a
UMVUE for p such that P(X; < p) = 3/4. In particular p = p + c®7!(3/4). Then an
unbiased estimator of p is 6(X) = X + 6®~1(3/4). Since this is a function of the complete
sufficient statistic, the previous theorem implies that ¢ is a UMVUE.

5.2 Cramer-Rao Lower Bound

Theorem 5.4 (Cramer-Rao). Assume that:
(a) ©® C R is an open interval.
(b) {pe : 0 € O} have common support X.

(c) The derivatives pj(z) exist and are finite for all x € X and 6 € ©.

14



(d) The integral may be differentiated under the integral sign:

55 [ p@)dnt) = [ Zopalo) duto)

Moreover,

I(@) = Eg

(% 1ng9<X)) 2] < 00.

This assumption implies that I(§) = Vary( log pp(X)).
(e) The integral may be twice differentiated under the integral sign:
0? o
s | @ auta) = | St duo)
This implies that 1(0) = —Eg[aa—:z log pe(X)].
(f) T: X — R is an unbiased estimator of g(#), and

9
90/,

T(2)po(e) dulz) = /X T(0) o) ).

Then Vary(T(X)) > g7
Proof. Let

0 2pg(X)
=1 X)=28"—"

As noted above, the assumptions imply that Vary(V') = I(6). Moreover,

EalV) = [ gym(oduta) = 55 [ mle)dn(e) = 1 =0
We also have that,

0 0 ,
CowV.T) = [ Sopnla)Ta)dutae) = 5 | Tlalmla)duta) = o 6)
X X
Then by Cauchy-Schwarz,
g (0)? = Covy(V,T)? < Vary(V) Vary(T) = I(6) Vary(T).

Rearranging gives the desired bound. O]

Remark 5.5. Suppose that equality holds in the CRLB. Then the application of Cauchy-
Schwarz must have been an equality and therefore V' must be linear in T (barring some
degenerate cases). That is

% Inpy(z) = a(8)T(x) + b(H).

Integrating and then exponentiating implies that
p9<x) _ eA(B)T(x)+B(0)h(Q:>.

An exponential family!

15



Remark 5.6. While the assumptions used for the Cramer-Rao lower bound seem strong,
they often hold. For example, see Lehmann and Casella [1, Theorem 1.5.8, p. 27] for a
general result about exponential families.
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6 Lecture 6

6.1 Cramer-Rao Lower Bound (Multi-Parameter Case)
Theorem 6.1 (Cramer-Rao). Assume that:
(a) © C R* is open.
(b) {pe : 6 € O} have common support X.
(c¢) The gradients Vpy(z) exist and are finite for all x € X and 0 € ©.
)

(d) The integral may be differentiated under the integral sign:
Vo [ (@) du(o) = | Vapale) )
X X
(e) The integral may be twice differentiated under the integral sign:
Vi [ (o) du(o) = | Vipala) duta)
X X
(f) 0 : X — R is an unbiased estimator of ¢(#), and

v /X () po(a) dpu(xr) = /X 5(2) Vop () du(x).

(g) The Fisher information matrix
1(0) == Eg[~Vjlog (X))
is finite and positive definite.

Then Varg(é(X)) > Vgg(Q)Tlfl(H)Vgg(H).

Proof. Let ¢;(x) = %lnpg(x). Then E¢;(X) = 0 by assumption (d). Fix some o € R*
so that Ea'y = 0 (here ¢ denotes the vector (i1,...,%)"). Then by the assumptions
Var(a'¢) = a"I(#)a and

Cov(3(X),a’y) = a Eg[6(X)¥] = OéT/ 3(x)Vepe(r)dpu(a) = a Vyg(6).
x

Then by Cauchy-Schwarz

T 0 0 T
(T Veg(8))? < Varg(8(X))(a T I(#)a) = sup & ng }g;gf ) Vary (5()).
Applying the change of parameters a < I(6)~'/2a, the lower bound becomes

Varg(6(X)) > sup a [I(Q)_lﬂv(;g(@)V(;g(Q)Tl(9)_1/2} o

asllafl=1

= Amax (1(0)7*Vg(0)Vog(0) T1(6)71/?) .

17



Finally, using the fact that Apax(AB) = Amax(BA) if AB and BA are PSD, we have that

Amax (1(0) ™2 V49 (0)Vog(0) " 1(0)71/?)
== )\max (veg(e)—rl(e)—lveg(e))
= Vog(0) " 1(0)"'Vag(0).

]

Remark 6.2. For the sake of completeness here is the proof of the fact that \,.(AB) =
Amax(BA) if AB and BA are PSD as it is not commonly known. Note that we assume that
the dimensions of A and B are such that AB and BA are well defined square matrices. Let
A be a non-zero eigenvalue of AB with corresponding eigenvector v. Then ABv = Av which
implies BABv = ABv. Grouping terms we see that BA(Bv) = A(Bv). We would like to
conclude that Bv is an eigenvector of BA with eigenvalue A\. To do this we must show that
Bv # 0. But this must be the case else we would have ABv = 0 which violates the fact
that v is an eigenvector of AB with a non-zero eigenvalue. Hence A is also an eigenvalue of
BA. A symmetric argument implies that any non-zero eigenvalue of BA is also one of AB.
Hence AB and BA share the same set of non-zero eigenvalues implying that their maximum
eigenvalue is the same.

Remark 6.3. The above proof can be generalized further to allow for multi-dimensional
estimators 0 : X — RY. In this case the bound becomes Vary(d(X)) = dg(0)I~*(0)dg(0)"
where dg(f) denotes the Jacobian matrix of g.

Example 6.4. Let X;,..., X, % N (u, ) for p € Rand 6 > 0. This family has log-likelihood

n

n 1

Inp,e(z) = -3 In(270) — 2% 3 (z; — M)2~

If we treat 6 as known we can compute the CRLB for g(u) = p by first computing the
derivatives:

Olnp,e(z 1 & 0*Inp,e(x n
PRl () = 25 i — ), LAy 2
i=1

Then the CRLB is Var(6(X)) > £. If 6 is unknown we must also compute:

Ppuoe) 1§ FPlpug(z), . n 1 2
W(l‘) D) ;(% — ), T(l’) =5m T B ;(% — ).

Taking expectations we find that the Fisher information matrix is I(u,0) = <8 S ) )

202
We also compute Vg(u,0) = (1,0)" where g(u,0) = p. Then the CRLB takes the form
Var(6(X)) > (1,0)1*(11,0)(1,0)" = £. The bound is unchanged because the Fisher infor-
mation matrix happened to be diagonal. Such a Fisher information matrix is not common
(this is a handpicked example).

18



Example 6.5. Let X ~ Pois(\) for A > 0. The log likelihood is Inpy(z) = —A + z1In(\) —
In(x!). Then the Fisher information is

o2 X7 1
=+

I) =E | =55 X () - )\] - {F

The CRLB is Var(6(X)) > A

The following theorem characterizes how reparameterization affects the Fisher information.
Theorem 6.6. Let 7 = h(6) where h is invertible and differentiable. Then I(6) = h'(6)%I(7).
Proof.

[(0) =E =E

(%a% logpe(X)> 2]

(a% logpg(X)>2] = h'(6)*1(7).

(% logpe(X)) 2

or\?
—(%> .

19



7 Lecture 7

7.1 Average Case Optimality

Suppose X ~ Py for some 0 € ©. So far we have thought of # non-stochastically. We will
now allow ourselves to think of # as a random variable. In particular define a probability
measure 7 on © and think of § ~ 7m. Let §(X) be an estimator for g(f) where g : © — R,
0 : X — R. For each fixed @, the frequentist risk is

R(0,0) = Exp, L(3(X), g(0)).
When 6 ~ 7, we can average this quantity with respect to 6 to obtain the Bayes risk
r(m,0) = EgrR(0,9).

If an estimator 0, minimizes 7 (7, d), we call it a Bayes estimator.

In the so-called Bayesian framework 7 is usually called the prior distribution and the condi-
tional distribution of 6 | X = x is usually called the posterior distribution. Suppose Py has
densities py with respect to a o- ﬁnite dominating measure p. Then the marginal density of
X is defined as px () := [, po(z)dn(0).

Theorem 7.1. if L(é(X), g(0)) = (6(X) — g())? is the squared error loss function then the
posterior mean E[g(0) | X] is a Bayes estimator for g(6).

Proof. Let 6 be an arbitrary estimator. Then

E[(6(X) — g(0))"] = E[(6(X) — E[g(0) | X]+E[g(0) | X] — 9(6))* ]
=E[(6(X) — E[g(9) | X])’] + E Var(g(0) | X) +

The expression above is uniquely minimized at 6(X) = E[g(0) | X] (a.e. px). O
(X

)=9(0)) =L
Proof. Suppose ¢, was unbiased. Then E[0,(X) | 8] = g(6) for all §. Then,

E[(0(X) — 9(6))*] = E[62(X)] + E[g*(0)] — 2E[6,(X)g(0)].
Since E[6,(X)g(0)] = E[5.(X)E[g(0) | X]] = E[52(X)] the expression above equals
E[(6:(X) — 9(0))*] = E[g*(8)] — E[57(X)].
Moreover since E[6,(X)g(0)] = E[g(0)E[5,(X) | 0] = E[g(6)2] we also have that

E[(0-(X) — g(0))*] = E[07(X)] — E[g*(0)].

Proposition 7.2. §,.(X) = E[g(0) | X] is not unbiased unless P(¢.

Hence
E[(0(X) —g(0))’] = E[¢*(0)] — E[6;(X)] = E[02(X)] —E[¢*(0)] = E[(6:(X) —g())’] = 0.

™

So 0,(X) = g(0) almost surely. O
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One may ask when a Bayes estimator is unique. We have already seen that for the squared
error loss the posterior mean will be the unique Bayes estimator almost surely with respect
to the marginal. But when we talk about uniqueness we usually want it almost surely
with respect to Py for all 6. A sufficient condition for this is if the marginal dominates the
conditionals {Py : # € ©}. When this does not hold the Bayes estimator may not be unique
as demonstrated in the following example.

Example 7.3. Let X ~ Binom(n, ) and § ~ 7 = Bern(s). Then

1[X = n]

P(e=1!X>=1[X:n]+1[X:0]'

Hence d,(0) = 0 and 0,(n) = 1 and is arbitrary elsewhere. This is unique with respect to
the marginal distribution but not with respect the conditionals which put probability mass
on {0,n}°.
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8 Lecture 8

8.1 Minimaxity

In the previous lecture we saw how summarizing the risk R(f,J) as a single number allows
us to discuss optimality in a sensible way. The minimax framework takes a similar approach.
Instead of summarizing the risk using a prior, we consider the worst-case risk: sup, R(,0).

Definition 8.1. oy is minimax (MM) if sup, R(6, dyv) = infssupy R(6,6). That is if it
achieves the best possible worst case risk.

Recall that if A is a prior on ©, the Bayes risk of an estimator ¢ is
r(A,0) = Epua[R(6,6)].

A Bayes estimator d, is any estimator that minimizes this quantity, and we write the optimal
Bayes risk as

r(A,dp) = i%lf?"(A, d) =:Ta.

We often have many choices for the prior A, yielding many different optimal Bayes risks 7,.
The prior with the largest optimal Bayes risk is called the least favorable prior.

Definition 8.2. A prior distribution A is least favorable (LF) if ry > 75/ for all other priors
N

Least favorable priors allow us to connect the Bayesian and minimax frameworks.
Theorem 8.3. Let A be a prior distribution on © and suppose ry = sup, R(6,0,). Then,
(1) da is MM,
(ii) if 05 is unique Bayes it is also unique MM,
(iii) A is LF.
Proof. Average risk cannot exceed worst-case risk. Indeed,

T(Av 5) = E@NA[R<97 5)] < EBNA[Sup R(Q, 6)] = sup R(Q, 6)

Now let ¢ be any estimator besides d5. Then we have that
sup R(0,00) = ra < 7(A,0) < sup R(6,9).
0 0
The first inequality follows from the definition of the Bayes risk. Hence 5 is MM. If d, was

unique Bayes the first inequality above would be strict and we would therefore have that o,
is unique MM. Finally let A’ be any other prior. Then

ra < (A, 0p) < sup R(6,0)) = ra.
0
Hence A is LF. ]
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Corollary 8.4. If 6, is Bayes for some A and R(f,0,) is constant then d, is MM.

Example 8.5. Let X ~ Binom(n,p) for p € [0,1]. In one of the homeworks we computed

that for the prior 7 = Beta(a, b) the posterior distribution of p | X is Beta(a+ X, n— X +0).

The Bayes estimator for the squared error loss is therefore 6,(X) = E[p | X] = -“2%X The
E[(X — (a+b+n)p+a)?

a+b+n’
risk of 0 is
at+X ? B
atbt+n ' (a+b+n)?

~_np(l—p)+(np—(a+b+n)p+a)’

R(p,0,) =E

(a+b+n)?
(062 = nlp? + [n— 2(a+ balp+ a?
(a+b+n)? ‘
To make R(p,d,) constant in p we can set (a+b)>—n = 0 and n—2(a+b)a = 0. Solving this
system yields the solution a = b = /n/2. Hence a minimax estimator for p is dyy = )iltr—‘/\/ﬁf

itd

Example 8.6. Let Xi,..., X, ~ N(0,0?) for § € R unknown (and ¢? known). Consider

the prior 7 = N (u,7%). The Bayes estimator (posterior mean) is §,(X) = 71/:2/—512/72)_( +
s sit. As X is unbiased, it cannot be a Bayes estimator for any prior. However

nj/o2+1/7 _
as 72 — 00, Oy — X pointwise. In fact one can show that as 7° — oo we have that
R(0,0,) — R(0,X) = %2 (a constant risk function). This suggests X is MM but how can

we prove this? The following theorem allows us to prove such a result.

2

Definition 8.7. A sequence of priors {A,}>2, is called LF if for any prior A we have that
A < hmn%oo TAy-

Theorem 8.8. Suppose that, for some estimator 9,

lim 7y, = sup R(6,0).
n—oo 0

Then
(i) ¢ is MM,
(ii) {An}2, is LF.

Proof. Recall that for any prior A and any estimator d, the inequality r(A, ) < supy R(6,0)
always holds. Let ¢’ be any estimator besides . Then

sup R(0,6) = lim ry, <limsup{r(A,,d")} <limsup{sup R(f,¢")} = sup R(6,d").
0 n—00 0

n—o0 n—00 [/

Hence ¢ is MM. Now let A be any prior. Then

ra < 7(A0) <sup R(A,§) = lim ry, .
0 n—o00
Hence {A,}52, is LF. O
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The theorems and methods above allow us to find minimax estimators in parametric classes.
Non-parametric classes can be a bit more challenging. One way of finding minimax estimators
in such large classes is to pass to a smaller sub-class and lift the minimax estimator back
into the original class. The following theorem makes this concrete.

Theorem 8.9. Suppose X ~ F' for some distribution F € F. If § is MM for g(F') with
respect to a sub-class Fy C F and if

sup R(F,0) = sup R(F, )
FeFo FeF

then ¢ is also MM for g(F') with respect to the original class F.

Proof. For any ¢,

sup R(F,0) = sup R(F,0) < sup R(F,d') < sup R(F,¢").

FeF FeFo FeFo FeF

]

Example 8.10. Let X1, ..., X, ~ N(u,02) for p € R and 0 € (0, M] for M > 0. Write
¥ = (u,0?), so the parameter space is © = R x (0, M]. For the restricted class ©g = Rx {M}
we already showed that X is MM for estimating p, with risk R(J, X) = % under squared
error loss. Then
_ o2 M _
sup R(9J, X) = sup — = — = sup R(¢, X).
V€O 9e0 N n 9€6q

Hence X is minimax by the previous theorem.

Example 8.11. Let X;,.... X, %N(,u, 0?) for € R and 02 > 0. Let the loss function be
L((p,0?),0) = (6 — p)*/o*. For the restricted class O = R x {1} (i.e. where y € R and
0% = 1is fixed) we have that X is minimax. And for this loss function we have that

N o 1 o 1 2
sSup R((/jﬁo- )7X) = Ssup T = = Sup R((,U,O' )7X)

(“702)69 (u702)€® g n n (1”'70'2)690

Hence X is minimax by the previous theorem.

Example 8.12. Let Xi,..., X, “ F where Var(F) < M. In this example the class of
measures we consider (all distributions with variance at most M) is non-parametric. For the
sub-class ©g = {N (i, M) : u € R} we have already proved that X is minimax for Ey..p[Y]
(for the squared error loss). Moreover the same proof from Example 8.10 above shows that
X is minimax for the original class:

- Var(F M
sup R(F, X)) = sup ar(F) i
F F n

= sup R(N (4, M), X).
n p
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9 Lecture 9

9.1 Admissibility

Admissibility is a fundamental concept in decision theory. An estimator is considered ad-
missible if no other estimator is uniformly better across the entire parameter space.

Definition 9.1. An estimator 0 is inadmissible if there exists another estimator ¢’ such that:
R(6,0") < R(6,6) V6 €O

and there exists at least one 6y € © such that R(6y, ") < R(fy,d). An estimator is admissible
if it is not inadmissible.

If the loss function L(,-) is strictly convex, the risk function uniquely identifies admissible
estimators.

Theorem 9.2. Suppose the mapping 0 — L(6,0) is strictly convex. If §y is admissible and
there exists ¢’ such that R(6,0¢) = R(6,¢") for all 0, then §y = ¢ a.e.

Proof. Define a midpoint estimator 0* = %(50 + ¢’). Due to strict convexity, unless dy = ¢’
a.e., the risk satisfies:

1
R(07 5*) < i[R(97 50) + R(97 6/>] = R(‘ga 50)
This inequality implies 0* is strictly better than dy, which contradicts the assumption that

0o is admissible. O
Lemma 9.3. Any unique Bayes estimator is admissible.

Proof. Note that unique here means unique with respect to Py for all §. Suppose 0, is the
unique Bayes estimator under a prior A. If it were not admissible, there would exist an
estimator ¢’ such that R(6,0") < R(0,6,) for all §. This would imply that the integrated
Bayes risk r(A,¢") < r(A,d,), contradicting the fact that d, is the unique minimizer of the
Bayes risk. O]
Example 9.4. Let X ~ Bin(n,p) for p € [0,1]. The estimator 6(X) = XL‘/%Q is minimax
for p under squared error loss. Recall that §(X) is the Bayes estimator with respect to the
prior A = Beta(y/n/2,1/n/2). Note that marginally P(X = k) > 0 for all k € {0,1,...,n}.
This implies that the marginal dominates the conditionals and therefore that ¢ is unique
Bayes. Hence ¢ is unique minimax (by previous theorem) and admissible (by the previous
lemma).

9.2 Admissibility for the Normal Location Family
Consider the admissibility of the linear estimators §,4(X) = aX + b for Xy,..., X, £
N(0,0?%) where 0% > 0 is known.
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Theorem 9.5. Let Y be an estimator such that EyY = 0 and VaryY = ¢%. The linear
estimator d,, = aY + b is inadmissible under squared error loss if any of the following hold:

(i) a>1
(i) a <0
(i) a=1,b#0
Proof. For a constant ¢, write §.(X) = ¢. The risk of . is
R(0,644) = EplaY +b— 0> = a®0* + [(a — 1)0 + b]*.
(i) If @ > 1, then R(0,8,,) > a*0® > 0> = R(A,Y). Thus Y dominates d, .

(ii) Ifa < 0, then R(6,8,,) > [(a—1)0+b)* = ((1—1)2(1%(1—0)2 > (ﬁ—8)2 = R(0,0/(1-a))-
The constant estimator d;/(1—q) is better.

(iii) If a = 1,b # 0, then R(6,8,4) = 0?4+ b* > 0?> = R(6,Y). Y dominates Y + b.
[

This theorem implies that ,4(X) = aX + b for X;,..., X, “ N(0,0%) could only be
admissible in three cases:

(a) The first case is a € (0,1),b € R. Under the prior 7 = N(u,7%) we have seen that

i(X) = n/;;/—ff/#ff + %u is a bayes estimator (in fact it is a unique bayes
estimator since the marginal dominates the conditionals). It turns out one can solve

the system of equations

2 1 2
n/o —a %Mzb;

n/o?+1/72 ’ n/o?+1/7
yielding a map (u,7?) = (u(a,b,0?),7%(a,b,0%)). So we can choose (u,72) so that
Or = 0q- Since 0, is unique Bayes this implies 0, is admissible.

(b) The second case is @ = 1,b = 0 (this corresponds to d,4(X) = X). The next theorem
will show that the sample mean X is admissible.

(c) The final case is a = 0, b € R. That is §(X) = b for some b € R. This estimator
achieves zero risk at § = b. Conversely, any estimator which achieves zero risk at = b
must be constant almost surely. Hence the constant estimators must be admissible.

Theorem 9.6. Let X;,..., X, % N(6,0?) for 6 € R unknown (and 0® > 0 known). Then
the sample mean X is admissible for # under the squared error loss.
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Proof (Blyth’s Method). Suppose X is inadmissible. Then there exists ¢’ such that R(6, ) <
R(0,X) = %2 for all 0, with strict inequality for some #'. Since R(6,¢’) is finite, Theorem 1.5.8
of Lehmann and Casella [1, p. 27] implies that R(#,d’) is continuous in #. In particular, the
same theorem tells us that Ezd’'(X)? and Eyd’(X) are continuous functions of 6 so R(, ") =
Eg[0"(X)?] — 20E,[0'(X)] + 62 is continuous in # as well. Then there exists ¢ > 0 and
0y < 0' < 0, such that R(0,8') < Z — ¢ for all 6 € (6, 6).
Now let A, = N(0,7%) and 7, = r(A;,d,,) = W
sponding to A,. Then for all 72 > 0 we have that

be the optimal Bayes risk corre-

2 00 g2 / —LQQ
(A8 e (G — R(8,07))e 22 df

o2 1
n nj/o2+1/72

_ M/_OO (2~ R(6.0)) e 56

__/r’T

o4\ 21T o
2 2 61
n(nt*+o _ 6%
Z Q / g-€ 272 de
o2t Jo,

2 2
Now 0 < ee” a2 1 e as 72 — oo. Then by MCT f:ol £ e add 0 f;;l edf = (6, — ) as

. 2, 2
72 3 00. Since M7 4 6 as 72 — 0o we have that
o4/ 2mT

2
lim w - 50
T2 500 %2 -7, '
02 _ * / . .
Then there exists a 7% such that M >1 = r(A+,0") < ry which contradicts the
= —rox
definition of the optimal Bayes risk. Hence X is admissible. O]

Lemma 9.7. If an admissible estimator has constant risk, it is minimax.

Proof. Let § be admissible with constant risk C'. If it were not minimax, there would exist ¢’
such that sup, R(0,9") < sup, R(0,0) = C. This implies R(0,9") < C for all 0, contradicting
the admissibility of ¢. O

This lemma implies that in the normal setting X is minimax (which we already knew). The
lemma shows how admissibility can imply minimaxity. We can also prove a theorem for the
opposite direction.

Theorem 9.8. If an estimator is unique MM then it is admissible.

Proof. Let 6 be unique MM. Suppose 9 is not admissible. Then there exists another estimator
§" such that R(6,0") < R(6,6) for all §. In particular this implies that sup, R(6,0") <
supy R(0,0) which contradicts the fact that § is unique MM. O

We mentioned above that X is unique MM in the normal setting. One way to show this is
as follows. If X was not unique MM there would exist an estimator ¢’ such that

o? S

sup R(6,8") = sup R(6, X) = = R(0, X).
0 0
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This implies that for all 6, )
R(0,¢") < R(6,X).

Hence the inequality above must be an equality for all @ else X would be inadmissible which
we know is not true. Since the squared error loss is strictly convex, we know that the risk
function uniquely identifies estimators. Hence R(6, ") = R(6, X) for all # implies that o' = X
a.e. for all 6.

Lemma 9.9. Let © = [a,b] be a closed interval. Let the loss function L(6,0) satisfy
L(0,6) = 0 for 6 = 6, L(A,5) > 0 for 6 # 0, and for any fixed 6 be increasing as | — ¢|
increases. Then any estimator § such that P[0 ¢ [a,b]] > 0 is inadmissible.

Proof. Consider the truncated estimator:

a, ifd<a
§ =490, ifde€la,lb]
b, ifo>0b

This estimator ¢’ dominates J uniformly over © = [a,b] because it is always closer to any
0 € [a,b] than the original § was. O

Example 9.10. For X;,..., X, Zfiglj\f(Q, 0?) where 0 € [a,b], the sample mean X is neither
minimax nor admissible. The lemma above is enough to prove it is not admissible. In fact,
one can show that for ¢’ defined as above R(0,d") < %2 for all 6 € [a,b]. By Lehmann and
Casella [1, Theorem 1.5.8, p. 27], R(#, ") is continuous in § and therefore

sup R(6,8") = R(6y,d") for some 0 € [a, b].
0€(a,b]

Hence,
2

sup R(,8") = R(6y,0") < Z = sup R(4,X).
0€ab] 0€a,b]

Hence X is not minimax.
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10 Lecture 10

10.1 The James-Stein Estimator

Consider the problem of estimating § € R after observing Z ~ N (6, 0?) where o > 0 is
known. We have previously seen that the estimator 6=7is UMVUE, unique minimax, and
admissible (later we will show that it is also the MLE). One can ask if the same holds in higher
dimensions. That is for the problem of estimating § € R" after observing Z ~ N(6,0°1,)
where 02 > 0 is known. Indeed 6 will still be UMVUE, minimax, and the MLE. Surprisingly,
it turns out that § = Z is inadmissible for n > 2. To prove this we will show that the James-

Stein estimator ( 2 )
N n—2)o
i = (1 _ —> 7
1Z]?

has uniformly better risk than 0. The difficulty in showing this comes from trying to calculate
the risk of f;5. Stein’s clever idea was to ﬁngl an unbiased estimator of the risk which could
be used to more easily calculate the risk of 0;g.

The model we will work with for the remainder of this lecture is Z ~ N(6, I,,) for § € R"
unknown. We will work with the squared error loss function and corresponding risk function

R(6,0) = Eq||0 — 6],
Lemma 10.1. The risk function can be expressed as
R(0,0) = —n +By[|Z — 0]* + 2 _ Covy(Z:, 0;).
i=1
Proof. Observe that
1Z = 01> =1Z—60+6—0>=1Z -0+ 16— 0] +2(Z — 6,0 —0). (3)

Since || Z — 6]|* ~ x? we have that Ey||Z — 6||> = n. Since Z — 6 is zero mean we also have
that

Eo[(Z — 0,0 — 0)] = Tr(Ey[(Z — 0)(0 — 6)T]) = Tr(Covy(Z, —0)) Z Cov(Z

Then taking expectations on both sides of (3) and re-arranging gives the desired result. [

Using this lemma we can get a bit closer to constructing an unbiased estimator of the risk.
All we need now is an unbiased estimator of Covg(Z;,6;) since —n + Ey||Z — 0||? can be
unbiasedly estimated by —n + ||Z — 8]|2. To estimate the covariance we will require Stein’s
famous lemma. We will start by proving the univariate version.

Lemma 10.2 (Stein). Let Z ~ N(0,1) and h : R — R be absolutely continuous. Then if
E|h'(Z)| < oo we have that E[Zh(Z)] = E[W(Z)].
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Proof. A common pseudo-proof of this result uses integration by parts:

| w@ed=neee)|” - [ aede e

—00 o0

= — /_OO h(2)¢'(2) dz

o0

= /_OO h(z)zp(z) dz.

o0

The last step uses the fact that the derivative of the standard normal density satisfies ¢'(z) =
—zp(z). The reason this is only a pseudo-proof is that one must verify

lim h(z)p(z) = 0.

|z]—o0

This turns out to follow from the assumption E|h/(Z)| < oco. However, instead of finishing
the proof in this manner we will take a more direct approach used by Stein in 1981.

WLOG set h(0) = 0 (think about why this is valid). By Fubini we have that

/0 dz—// 2)dy >
// 2)dz dy

_/0 ¢'(y)h(y )dy—/oooyso(y)h(y) dy.

Note that Fubini applies here because

// y)h (2 \dydz—/ / yo(y)|h ()| dy dz

—A oW (2)] dz = E|(Z)] < oo.

Repeating the above for (—oo,0) and adding yields the desired result. O
We can now readily generalize Stein’s lemma to the following case:

Lemma 10.3 (Stein). Let Z ~ N(f,0%) and h : R — R be absolutely continuous. Then if
E|W(Z)| < oo we have that E[(Z — 0)h(Z)] = o?E[W (Z)].

Proof. Observe that Y = (Z —6)/o ~ N(0,1). Then letting f(y) = h(oy + 6) we have that
E[(Z — 0)h(Z2)] = oE[Y f(Y)] = cE[f'(Y)] = ¢°E[W (cY + 0)] = ¢*E[h/(Z))].
where the second equality follows from the version of Stein’s lemma proved above. O]

Before further generalizing Stein’s lemma to the multivariate case, it is useful to discuss the
concept of almost differentiability.
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Definition 10.4. A function h : R® — R is almost differentiable if there exists a function
Vh : R" — R” such that for every z € R",

h(z + 2) — h(z) = /01 STz + t2) dt.

for almost every x € R".

Remark 10.5. Notice that if A is differentiable, its gradient would satisfy the condition on
Vh. Moreover, an important implication of the definition is that if i is almost differentiable,
the functions h;(z) = h(xy,..., 21, 2, Tit1, . . ., T,) defined by fixing all but the ith input to
h are absolutely continuous (for a.e. choice of the fixed inputs).

Theorem 10.6 (Multivariate Stein’s Lemma). Let Z ~ N (0, I,,) and h : R™ — R be almost
differentiable. If E|(Vh(Z));| < oo for i =1,...,n then E[Zh(Z)] = E[Vh(Z)].

Proof. Fix an ¢ € {1,...,n}. Then by the univariate Stein’s lemma

on(2)
9z,

E(Z1(Z) | 7] = E [ | z] — E[(VA(Z)): | Z-1]

Taking expectations on both sides yields the desired result. O]
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11 Lecture 11

11.1 The James-Stein Estimator (Continued)

Recall that we were trying to estimate Covy(Z;, éz) = Ey[(Z; — Ql)éz] By the multivariate
version of Stein’s lemma proved in the previous lecture, we have that

00,

Z;,6,) =E
COVQ( iy z) 0 aZZ

(Z)

Recalling that the risk can be expressed as R(6,0) = —n +Eq|| Z — 0|2 + 2 > Covy(Z;, 0;)
we can now define Stein’s unbiased risk estimator (SURE):

~

SURE(0) = —n + || Z — 0]

The key property of SURE is that Eo[SURE(0)] = R(0,0). Let us compute SURE for the

James-Stein estimator 65 = (1 H Z”2> Z. We start by computing the partial derivatives

d(bys); 0 ( n— 2) ( n—2) 2(n — 2) 22
=—(1- Zi=(1- + L,
0Z;  0Z; 1Z]]? 1Z]]? 1Z]*

Then plugging this into the definition of SURE we find that

: (n—2)? ( )
SURE(60;4 n+—+2n 1-— + 2
(bss) = HE 12 Z \Zn4

(n — 2)? _2n(n—=2)  4(n-2)
12112 12]I? 12112
_(n—2p
121”

:n—|—

To make sense of this recall that the risk of the MLE is R(#, Z) = n. Then we have that

(n —2)°
12112

R(6,65) = Ey [n - <n=R(6,2).

This immediately implies that 0 = Z is inadmissible. Moreover, for § = 0 it is actually
] =

possible to compute ]Eg;()[ L This implies

—3
R(0,0;5) = Eg—g {n =n—(n—2)=2<n.

So at 8 = 0 the risk of éJ§ may be significantly smaller than that of 6. For # with large
norms, one can show that 655 does not beat # by a significant margin.
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11.2 Bayesian Interpretation of the James-Stein Estimator

The following is due to Efron in 1973. Let 6; “ N'(0,72) and Z; | 6; ~ N(6;,1). One can

show that the Bayes estimator (for the loss L(f,4) = ||0 — d]|?) is

E[9|Z]:<1—1j72)2

Let us now take the Empirical Bayesian approach. That is we will now try to estimate 72

from the data. To do this observe that marginally Z; i N(0,1+ 7%). Hence 1+ 72 can be
2

estimated by %Z?:l Z? = @ One can even show that ﬁ is an unbiased estimator of

H%. Plugging this into the Bayes estimator we get the estimator

We have successfully recovered the James-Stein estimator. This demonstrates how the
James-Stein estimator naturally arises from a prior belief that the components of 6 are
all distributed near 0.
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12 Lecture 12

12.1 Karlin’s Theorem

Recall our discussion about the admissibility of the sample mean for the normal location
family (Lecture 9). In that discussion we proved admissibility for a larger class of linear
estimators of the form aX 4 b. Karlin’s theorem gives a very general sufficient condition for
the admissibility of such estimators. An interesting open problem is whether this condition
is also necessary for admissibility.

Theorem 12.1. Let py(z) = exp(0T(x) — B(#))h(x) be an exponential family whose param-
eter space takes the form of an open interval © = (6;,6,) C R (note that we allow 6, = —oc0
and 0, = c0). Let

T(X) cd
Oed(X) = —2F + ——.
alX) =~ iy s
for ¢ > 0 and d € R. If there exists #, € © such that
0. Oo
/ exp(—cdf + cB(0)) dd = oo and / exp(—cdf + cB(6)) df = oo
60 gl

then ¢, 4 is admissible for estimating ¢(0) = Ey[T(X)] = B’(#) with respect to the squared
error loss.

Example 12.2. Let X ~ Binom(n,#) for § € (0,1). Then

= (ool (25) o (25) ()

which is an exponential family with 7'(z) = x/n, 8(p) = nln (ﬁ), and B(f) =nln <1%p> =

nln(e’’™ 4+ 1). This implies that the natural parameter space is © = {f(p) : p € (0,1)} =
(—00,00). Then to apply Karlin’s theorem we must choose a 6, and compute the corre-
sponding integrals. Using 6y = 0 we try to compute

/ exp(—cd6+cB(9))d9_/ e~ (1 4 f/myen gg,
0 0

Clearly the above is infinite for ¢ = 0. A similar observation shows that fi}o e~ (1 +

e?/™)en df = oo for ¢ = 0. Hence Karlin’s theorem implies that &y 4 = T'(X) is admissible for
estimating ET'(X) = p. Moreover if ¢ > 0 and 0 < d < 1 we have that

/ efcdﬁ(l + eﬁ/n)cn Ao > / efcd9600 do = / ec@(lfd) d6 = 0o
0 0 0

and that o 0
/ e—cdﬂ(l + 6H/n)cn do Z / e—cde dH = .

—00 — 00

Hence by Karlin’s theorem 6. 4(X) = 7;(+XC) + lc—fc is admissible for ¢ > 0 and 0 < d < 1.

Equivalently, aT'(X) + b is admissible for a,b > 0 and a + b < 1.
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We now give the proof of Karlin’s theorem.
A similar proof appears in Lehmann and Casella [1, Theorem 5.2.14, pp. 331-333].

Proof. Let g(0) = EoT(X) = B'(6). Also recall that for exponential families Vary T'(X)
B"(0) = I(0). Let §(X) be an arbitrary estimator and define its bias bs(#) = E[6(X) — g(0)].
Then

(b5(60) + 9'(6))?
1(6)

where the last inequality follows from the CRLB. Now suppose 0. 4 is inadmissible for some
c and d. Then there exists dy such that

Eg[(dc,a(X) = 9(0))%] = Eq[(80(X) — 9(6))]

Eo[(0(X) — g(0))?] = bs(0)* + Varg(8) > bs(6)* +

with the inequality being strict for at least one #. Moreover since 6.4 is linear in 7'(X) it
achieves the CRLB. That is,

(ba(0) + 4'(0))*
1(6)

Eo[(0c.a(X) — 9(6))*] = bea(0)” +

Hence,

b ,(0) + ¢'(0))?
WURLEUES (O

Letting h(0) = by(0) — b..q4(6) the above reduces to

(O, ,(0) 2M(0)g/(0)  H(0)
0 1) 1)

12 (0) + 20(0)be.a(0) +

which implies that

21 (0)bc.a(9)  21'(0)9'(6)

B(6) + 20(0)bealb) + — o

Since beg(0) = E[0.q(X) — g(0)] = L4 4 <L _ 4(0) = < (d — ¢(0)) and ¢'(0) = I(6) the

14+c 14+c
inequality above can be simplified further yielding,

2c 21/ (0)
h* (0 h(0)(d— g(0 <0
0)+ T n(B)(d— g(0)) + 1 <
Now define F(0) = h(6)ec®~<B®)  Then F satisfies
) 2 . 2 21'(0)
F2 0 cdf+cB(0) F'(9) = cdf—cB(0) h2 0 hO)(d— alb <
(6)e W) =e O) + 1 MO —g(O) + 7| <0

Then this implies that

PO 14c
—_ 1_ > cdf+cB(0)
F(Q) FZ(H) =5 e >0




for 0 such that F'(0) # 0. Now suppose F(6y) < 0. Then the above implies that F is
decreasing so that for all 8 > 6y, F'(6) < 0. Then

 F'(p 14+c [°
—F(0)' > F(O) = F(h) ' = /0 —F2((9>) d) > — /9 e~ed0teBO) 49 — oo

which is impossible since F'(6p) is finite. Hence F'(6y) > 0. A symmetrical argument (for
0 — —oo) implies that F'(6y) < 0. Hence F(6y) = 0. Since this holds for every 6, (if the
integrals given in the theorem are infinite for one 6, they must be infinite for every 6,) this
implies that F'() = 0. Then h(f) = 0 which implies that b.4(f) = by(f). Returning to the
start of this argument we must therefore have that

(b.a(0) + 4'(0))*

2 _ _ 2
bea(0)” + T00) = Eg[(6c.a(X) — 9(0))"]
= E[(0(X) — 9(0))’]
by(0) + 4'(0))?

- 2 ( 0
This contradicts the fact that Eg[(0.4(X) — g(#))?] > Eo[(do(X) — g(0))?] for at least one
6. O
Example 12.3. Suppose 6, = —oo and 6, = oo in the statement of Karlin’s theorem. Then

T(X) is admissible for E¢7'(X). To see why plug in ¢ = 0 to the integrals given in the

theorem. They become
0o o
/ 1df and / 1deo
0o —00

which are always infinite.
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13 Lecture 13

13.1 Asymptotics

We will work in the following setup. Let Xi,..., X, w Py for some # € ©. Assume that
{Pp : 6 € ©} are probability measures on R which are dominated by some o-finite measure

. Let po(z) = (29( ) and define the likelihood of € given Xi,..., X, as

n

L | X) = ] [ pe(X0)-

i=1
The likelihood function will play a central role in the asymptotic theory.

Definition 13.1. Let §,,(X1,...,X,,) be an estimator for g(f). We say §, is consistent if
0n % g(6) under the law PS™ for all § € ©.

Example 13.2. Let X;,..., X, < Bern(#) for 6 € (0,1). Let g(#) be the function defined

by
)1 if0eQ
9(9)_{0 ito¢Q

Then there does not exst a consistent sequence of estimators for g(#). We omit the proof as
it involves some fairly obscure results from analysis.

Definition 13.3. A global maximizer of the likelihood function is called an MLE (An MLE
may not exist and may not be unique).

Lemma 13.4. Assume

(AO) The model is identifiable: 6, # 0y = Py, # Py,,
(A1) The densities {py : 6 € O} have common support.
Then for all 6 # 6o, Pg"(L(6y | X) > L(6 | X)) — 1.
Proof. Observe that

PE™(L(0y | X) > L(6 | X)) P;‘f)”( Zl <p9° )>o>.

By the LLN, £ 3" In (pgo (Xi)) 2 KL(Pg,, Py) > 0 (the KL is non-zero because the model

po(Xi)

is identifiable). Hence,
IP’;‘%”( Zl <p90 ) >o> — 1.
1=1

Note that if KL(Py,,Pg) = 0o one can show that the convergence in probability still holds

(i.e. that £ 3% In (?’:&?) — 00) since Ey, {ln (p?((XX)))_} <1< 0. O
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Corollary 13.5. Suppose (A0)-(Al) hold and that [©] < co. Then if 0, is an MLE,
Py (0, = 0p) — 1.

Proof. Since © is finite,

Py (L (00|X)<n;éaxL0|X <D PEML(G | X) S LO X)) = > 0=0
0400 0400

where the inequality follows from the union bound. Since 6, = 6y on the complement of the
event considered above we have that Pg" (6, = 6) — 1. O

Theorem 13.6. Suppose (A0)—(A1) hold and that
(A2) 6 is an interior point of © C R,
(A3)" The function In(pg(x)) is continuously differentiable in an interval about 6y (for all x).

Let £,(0 | X) = Y1 Inps(X;). Then the equation 2/,(f | X) = 0 has a root 0, with
probability tending to one such that 6, 2 6, with respect to the law IEDS?)".

Proof. Fix 6 > 0 small enough so that [0y — 6,60y + 6] C O and In(py(x)) is continuously
differentiable in this neighborhood. For ¢ < ¢§ the earlier lemma implies

P (€ (60) > max{ly (6o — €), £n(60 +€)}) — 1.

Let A, = {£,(6) > max{l,(6y — ¢), £ (fy + €)}}. Then on A, there exists 6, (c) which is a
maximizer of £,|(g,—c 0,4+ (i.€ the restriction of £, to [fy —¢, 0y +¢]) and which is not achieved
at the boundary of [0y — ¢,0 + ¢]. Hence on A, we must have that |0,(¢) — 6| < e and
¢ (0,(¢)) = 0. Now let 6, be the closest root of £,(6) to 6. The above argument implies
that

Py (A,) < PSP (|6, — o] < &) — L.

Hence 6,, % 6, with respect to the law IP’?;".

One may wonder why 6, is measurable. To see why observe that by assumption (A3), ¢ is
continuous. Then for any closed interval I, the event that ¢, has a root in I is

R(I) ;:{ inf €] X)| _o}

9cINQ

which is measurable since the infimum of a countable set of measurable functions is again
measurable. Let D be the distance from 6, to the closest root:

D =inf{r € Q" | R([6p — r,00 + 7]) occurs}

Notice that this is once again an infimum over a countable set of measurable functions (i.e.
those of the form r1p(g,—rg,4r) + 001 R([go_r’go_i_r])c) so D is a measurable random variable
taking values in [0, 0o]. If D < oo, continuity implies the closest root is achieved at 6y + D or
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0o — D. Let E be the measurable event that 6y + D is a root, i.e., E = {l/ (6o + D | X) = 0}.
Then we have:
00 if D =00
én: 0o +D if D < oo and E occurs
0o — D if D < oo and E€ occurs.

Since 6, is constructed entirely from measurable variables and events, it is measurable. Note
that there are some subtleties with the decomposition above. It assumes that if there are
two closest roots (i.e. a tie) 6, chooses the larger one and if there are no roots 6, = co. [J

Remark 13.7. Note that 6,, is not an estimator. This is ‘because there may be multiple
possible roots and the correct choice depends on 6. Also 6, may not be an MLE. This is
because roots are not necessarily global maximizers.

Corollary 13.8. Suppose (A0)-(A2), (A3)' hold and ¢, has a unique root 6,. Then 6, 2 6,.
Moreover if we assume that © takes the form of an interval and that In(pg(x)) is everywhere
continuously differentiable, we have that Py" (6, = MLE) — 1.

Proof. The fact that 0, 2 6y is immediate from the previous theorem. For the second part,
suppose that 6,, is not a global maximizer (with probability converging to 1). From the proof
of the previous theorem, we know that 6,, will be a local maximum of ¢, in an e-neighborhood
of 0 (with probability converging to 1). Since we assumed 6, is not a global maximizer,
this implies there exists a local minimum between 0, and the true global maximizer. This
would imply the existence of a second root which is a contradiction. Hence we must have

Py (6, = MLE) — 1.

Note that we cannot drop the assumption that © is an interval for the latter result. A proof
can be found here. O
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14 Lecture 14

14.1 Asymptotics (Continued)

In this lecture we will slightly strengthen assumption (A3)" from the previous lecture. In
particular we will prove the following theorem.

Theorem 14.1. Suppose that (A0)—(A2) hold and that

(A3) In(pe(x)) is three times differentiable in an interval about 6, (for all x) and there exists
a 0 > 0 and a function My, (z) such that for all 8 € (0y — 9,6 + ),

o

‘ % In pg(ﬂf)

< M90 (.T)

with E90M90 (X) < 00,

(A4) [ po(x)du(z) can be twice differentiated under the integral sign and the first and second
order definitions of the Fisher information agree and satisfy 0 < I(6p) < oc.

Then any consistent sequence of roots 8, of £ (0 | X) satisfies,
V(B — 00) 5 N(0,1(60)7Y)

Proof. Define the event A, = {|0,, —6y| < 6}. Since 6, is consistent we have that P(A,) — 1
as n — 00. Place ourselves on this event. By Taylor’s theorem we have that

' (h / ) i (én B 90)2 "
for some &, between 6, and én. Moreover on A,, we have that,
)| |10 13
) — E; ﬁlnpg(Xi) o < ;;MGO()Q) Ly Bg, My, (X) < o0

Hence &f") = O,(1) which implies that

V)
2 (0o) i (én—ao)Op(l).
n 2

0= 20 (60) + (6 — 00) 0,(1) —> /0, — bo) =

n

alfo) (6 — 60)?

n 2
Since 6, is consistent we have that (6, —6y) = 0,(1) and therefore that the term @Op(l)
in the denominator above is also 0,(1). Moreover the LLN implies that @ P —I(6y) and

the CLT implies that \%%(90) < N(0,1(6p)). Then by Slutsky’s theorem we have that

V(0 — 00) % N(0,1(6)) - = N(0,1(60)7Y).

1(6o)
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Remark 14.2. The CRLB gives Varg(0,) > (s ng(e) . Suppose that Egf,(X) ~ 6. Then

the CRLB gives Vary(6,) > M(Q) which implies that Varg(yv/n(6, — 6)) > W'

~

Definition 14.3. We say an estimator 6, is asymptotically efficient if \/ﬁ(én — ) 2
N(0,1(0y)7") for all b, € ©.

Example 14.4. Let X;,..., X, ~ N(0,1) and © = R. The MLE in this model is X and

it is easy to verify that B
V(X = ) ~ N(0,1).

One can also check that () = 1. Hence the MLE is asymptotically efficient (in fact it is
efficient in finite samples).

Asymptotic efficiency is not necessarily the best measure of an estimator’s optimality. Con-
sider the following example due to Hodges.

Example 14.5 (Hodges’ Estimator). Let Xq,..., X, % N (6, 1) and define the estimator

5.,(X) = X if|X|>n"
U100 if X <na.

9

N N

Let Z, = v/n(X — 6y) ~ N(0,1). Then

Py, (| X| < n~*) =Py, (—n"/* — Vb < Z, < n'* — /nbo)
O(n'* —V/n o) — d(—n'* — /nby).

If 6y > 0 the expression above converges to ®(—o0) — ®(—o0) = 0—0 = 0. If §y < 0 the
expression converges to ®(oo) — ®(oc0) =1 —1 = 0. If §, = 0 the expression converges to
P(00) — P(—00) =1 —0 = 1. Hence for y # 0, §,,(X) = X with probability converging to 1
and for 6y = 0, 6, (X) = 0 with probability converging to 1. Then it is not hard to see that

Vi(6,(X) = 05) 5 N(0,1) i 6y # 0

Vi(6,(X) = 66) % N(0,0) i 6, = 0.
Hence Hodges’ estimator has strictly better asymptotic variance than the MLE (albeit only
at 0y = 0). However this does not capture the whole story. Intuitively Hodges’ estimator is
sacrificing performance near 6, = 0 in exchange for better performance at #, = 0. One can

perform a local asymptotic analysis (LAA) to see this more clearly. A more informal way to
see this is to compare the sup risks of the estimators. For the MLE we get that

- 1
supEg(X — 0)? = —
IS n

while for Hodges’ estimator we get that

sup Eg(d,,(X) — 0)* > Eg_,,-1/4(0n(X) — n’1/4)2 > (n’1/4)2]P’9:n71/4(])_(\ < n’i) ~—
9eR 2\/n

Since 1 - << we see that Hodges’ estimator has worse sup risk.

v
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15 Lecture 15

15.1 Le Cam’s Theorem and Newton-Raphson Update
Theorem 15.1 (Le Cam’s Theorem). Suppose assumptions (A0)—(A2), (A4) hold and

(A3)" pe(x) is twice differentiable in a neighborhood of 6y, and there exists a ¢ > 0 and a
function My, (z) such that

82

— Inpy(x)

902 < M90 (.T)

sup
0:10—60| <5

and Eg, My, (X) < oc.
Suppose that §,, is an estimator satisfying
V(8,(X) = 60) % N (0,1(60)
for all §y € ©. Then the set {# € © : v(0) < I(#)~'} has Lebesgue measure 0.

Proof. The proof will be given next semester. ]

Remark 15.2. Assumptions (A0)—(A4) hold for most one-parameter exponential families.
For example to verify (A3) notice that if pg(z) = e @9=BO@ (1), then % Inpy(x) = —B"(6),
which is bounded on compact sets.

Suppose you want to solve for 6 such that g(f) = 0 given an initial guess 6y. Suppose
g(61) = 0. Then

9(0h)

g(61) = 0= g(0) + ¢'(00) (01 — b)) = 61 =0 — 7' (0o)

This gives rise to the Newton-Raphson update step: 6, = 6, — %.

Theorem 15.3. Assume (A0)—(A4) hold. Let 0, be a /n-consistent estimator under Py,
i.e., vn(l, —6y) = 0,(1). Define 8, = 6, — 29 Then,

€1 (6n)
V(8 = o) < N(0,1(6) ")
Proof. By Taylor’s theorem we have

' (0 / 0 1" (én - 90)2 i
€, (0n) = €,(00) + (6n — 00)05,(00) + ————,/(&n)
Substituting this into the definition of §,, yields the following expanded form:

5. _ g albo) + (B = 00)C5(60) + P0G

£7(0n)
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which implies that

V(60— 80) = (B, — ) — Y nl00) /(O = 00)Ci(00) /(O — 0)* ' (4n)

£7(6n) £ (6n) 207(0n)

7=t - 00 (Ba— )0 ()
= gy PN ) T 2 o

- E” (07/1) — g”(‘; )) (6n 6 ) gl//(g/ )
n n n n n n nis:

Since L07(6,) 2 —1(6o), (6, — 60) = 0,(1), and L07(&L) = Oy(1), Slutsky’s theorem implies
that %EZ(@Nn) P —I(6y). Moreover the CLT implies that \%f;(@o) < N(0,1(6p)). Then
another application of Slutsky’s implies that the first term in (4) converges to N'(0,I(6y) ")
in distribution. Since we already know that v/n(6, — 6y) = O,(1) we need only show that

GO Gl CH O R
0 (8,) 207(0,)

Since both £07(6y) 2 —1(6y) and %ég(én) L —I(6y) it is clear that ﬁ/;:'((_go)) % 1. We also have
that 0n=00)0(En) _ (Bn=b0) 367 (E) _ 0p(1)-0p(1)

= 0,(1). Hence

207 (6 201 (0n) Op(1)
0r(00) (0 — 00) 02 ()
11— =2 T =1—(14+0,(1)) —o0,(1) =0,(1
@) 2005 (1+0p(1)) — 0p(1) = 0p(1)
as desired. ]

Example 15.4. Suppose X1, ..., X, < Cauchy(#). One can easily verify that (A0)-(A4)
hold for the Cauchy location family. The next theorem will further imply that the sample
median is a y/n-consistent estimator for §. Then the Newton-Raphson update of the sample
median will produce an asymptotically efficient estimator.

Theorem 15.5 (Quantile CLT). Suppose Xj, ..., X, are i.i.d. random variables with dis-
tribution function F'(x) which is differentiable at 6 with F'(8) = f(8) € (0,00). Setting
p = F(0) we have that

V(X gy — 0) SN (07 p(fl(@_)f))

Proof. Note that the assumptions of the theorem imply p € (0,1). The key idea in this proof
is that the following events are equivalent:

{X(mmp) <1} = {Z 1, <] > Wﬂ}-

=1
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Given this fact we have that

P(\/ﬁ(X((np]) — 9) S t) =P <X([np]) S \/Lﬁ + 9) =P <Z 1 |:XvZ S \/Lﬁ + (9:| Z [np]) .

i=1

Let S, => 1,1 [XZ- <L+ 0} and observe that S,, ~ Binom (n, p,,) where p,, = F(\/iﬁ +0).

P(v(X(rup)) = 0) <) = B(Sn 2 [np]) =P <¢:;nzlnf;n) - \/(:;i(I 7_”3;)) -

Since F' is continuous at § we have that p, — F(0) = p as n — co. Then the Berry—Esseen
theorem [2, 3] implies that

P (M > t) — B(—t)

<
npn(l - pn)

sup

3 1 1 3
Dby ( pn) DPn ( pn) ] 0.
teR

slo

In particular this implies that

p_Snnpn o [l —mpn g (e — el N, (©)
\/npn(l - pn) \/npn<1 - pn) npn(l - pn)
Moreover observe that by the definition of the derivative
t
. F(0+ &) - F®)
t/v/n t/vn
for ¢t # 0 and for t = 0 we have /n(p, —p) = 0=1tf(#). Hence

npo— [npl Vil —p) +vilp = ) tf(6) +0

o (1 — pn) Pu(1 — pn) p(1—p)

= f(0) = Vnlp. —p) = t£(0).

Then by the continuity of ® we have that

o P~ [np] L tf(0)
npn(1 = pn) p(l—p)
Combining this with equations (5) and (6) we have that

tf(o
P(Vr(X(fupy) — 0) <) = @ )
p(1—p)
which directly implies the conclusion of the theorem. O

Remark 15.6. A somewhat related and useful result, Pélya’s theorem [4], states that if
X, % X and F 'y is continuous, then Fx, — F'x uniformly.
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16 Lecture 16

16.1 Delta Method
Remark 16.1. Suppose an estimator 6 is an MLE for 6. Then for any function g(0) we

~

may ask whether the estimator ¢g(#) is an MLE for g(f). To do so we must properly define
the likelihood with respect to g(#). This is trivial if ¢ is one-to-one. If g is not one-to-one
things are less clear. To resolve any ambiguity we define the profile likelihood as

Ly(v) = sup L(0]X),
0:9(0)=~

A ~

With this convention g(6) will indeed be an MLE for ¢(#) (i.e. g(#) will be a global maximizer
of the profile likelihood above).

Example 16.2. Suppose Xi,..., X, w N(6,1) and g(#) = 6. Then the profile likelihood

takes the form

Lg<fy) — (27‘()7%67% Z?:l X?ef% max {6W2?=1 Xi’ ef\ﬁzyzl XZ} X

Example 16.3. Suppose X1, ..., X, < Pois(\) and we want to estimate g(A) = e™*. We
already know that the MLE and UMVUE for A is X. Then the MLE for g(\) is e *.

However one can show that the UMVUE is given by (1 — %)ZL X,

Theorem 16.4 (Delta Method). Suppose v/n(X, — p) —» N(0,02). If ¢ is differentiable at
1, then

Vi(g(Xa) = g(m) = N (0, [g/ (1)),
Proof. By Taylor’s theorem, we have that
9(x) = g(p) + (& — p)g'(n) + (z — p)r(z)

where r(x) — 0 as x — p. Given € > 0, there exists § > 0 such that |z — u| < 0 =
|r(z)| < e. We can write

\/E(Q(Xn) —g(p) = \/E(Xn — p)g' (1) + \/E(Xn — p)r(Xn).

We know the first term /n(X,, — p)g' (1) <5 N(0, [¢(1)]20?). Then it suffices to show that
r(X,) 2 0. Because X, is consistent, we have that P(|X,, — y| < §) — 1 which implies that
P(|r(X,)| < &) — 1. Since this holds for all £ > 0 we have that 7(X,,) = 0. O

Theorem 16.5 (Second-Order Delta Method). Suppose v/n(X, — ) 5 N (0,02). If g is
twice differentiable at p with ¢’(x) = 0. Then

n(9(Xa) — g(1) % S ()02,

N}
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Proof. By Taylor’s theorem (and the fact that ¢’(x) = 0) we have that

9" (1)

L= ) (@) — o)

g(z) = g(p) +

where r(z) — 0 as © — u. Hence

n(g(X0) — 9(1)) = L9 (r(X — 1)) + r(X) (VX — 1))

By the continuous mapping theorem @(\/ﬁ()(n — ) S +g"(p)o*x3. Then it suffices
to show that r(X,) = o0,(1). But this follows from same reasoning as in the previous
theorem. O

Remark 16.6. The Delta method can be generalized further. If we only assume that
Vn(X, —p) %Y for some arbitrary random variable Y the conclusion becomes

Vn(g(X,) — g(p)) N g (n)Y. A similar generalization can be made for the second order
Delta method.

Example 16.7. Continuing Example 16.3 where Xy,..., X, “ Pois(\) and g(\) = e, the

CLT implies that
V(X = A) 5 N(0,\).
Then the Delta method implies that
V(e ™ — e KN N(0, de™).

Example 16.8. Let X;,.... X, éiwd./\f(ﬁ, 0?). Define the following estimators:

e 0;(X) = X2 which is the MLE.

o 5H(X)= X%~ %2, which is the UMVUE if 02 is known.

o §3(X) = X%~ ‘%2, which is the UMVUE if 02 is unknown.

By the Delta Method, /n(8:(X) — 62) 5 N(0,46%02). Since = 0,(1) and £ = 0,(2),
the exact same asymptotic distribution holds for 5 and d3.

Example 16.9. Let Xq,...,X, % U(0,0) for # > 0, and we want to estimate 6. The

estimator X, is the MLE, and ”T“X(n) is the UMVUE. For t > 0 we have that

P(n(6 — X() > ) =P (X(n) <g- 3)

n

t n
=(1-—) —e'
(=) e

Therefore, n(0 — X)) KN Exp(f). On the other hand since X,) = 6 we have that
n (622 X)) = n(6 = X) — X > Exp(1/6) 6.
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Example 16.10. Let X;,..., X, £ Bern(p) for p € (0,1), and suppose a prior of p ~
Beta(q, 5). The Bayes estimator for the squared error loss is

_ i Xita
on(X) = n+a+p
Then
= X+a/n ___a/n—(a+6)X/n_ 01 = o (n~1/2
5"(X)_X_1+(a+ﬁ)/n X = 1+ (a+08)/n =0, (n7) = op(n717).

Hence §,(X) and X converge to the same asymptotic distribution:

Vi(8.(X) = p) % N(0,p(1 — p)).
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17 Lecture 17

17.1 Bernstein—von Mises

In Bayesian inference, the Bernstein—von Mises theorem provides the basis for using Bayesian
credible sets for confidence statements in parametric models. It states that under some con-
ditions, a posterior distribution converges in total variation distance to a normal distribution
centered near the MLE with variance equaling the inverse Fisher information.

Theorem 17.1 (Bernstein—von Mises). Suppose (A0)—(A4) hold (we will refer to these
assumptions jointly as (B0)) and that

(B1) Ve > 0, 30 > 0 such that

P( sup L[R.(6)] > <) =0
[0—00|<6

where R, (0) is defined by

(60— 6p)?

£n(0) = £n(00) + (0 — 60)€,(60) — 7

[n1(6o) + R (0)].

(B2) For all § > 0, 3¢ > 0 such that

IP’( sup M<—e)—>l

10605 n a
(B3) The prior for # has a density 7(6) with respect to the Lebesgue measure on © which
is continuous and positive on ©.

Then if 7*(¢ | X) denotes the posterior density of \/n(6 — T,,) | X where T,, = 6y + %

then /

where the convergence in probability is with respect to the law ]P’g%”. If we further assume
that

(] X) = V002t T(00))| dt 2 0

(B4) [|6|m(0)dO < oo

-

Proof. The posterior distribution of 6 | X has density proportional to 7(8)e‘(®. Then the
posterior distribution of \/n(# —T,,) has density proportional to 7 (i + Tn) ezn(ﬁJrT"). So,

then

(] X) = V)2t T(00)]| dt 2 0.

vn
/ 2
T (\/Lﬁ + Tn> een(ﬁJrTn) —én(eo)_%
(| X) =

Ch
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2, (00)?
where C,, = [ <\/LH + Tn> e&‘(ﬁJrT")_e"(eO) 2100 ¢ is the normalizing constant. Define
wy(t L4 —0.(6,) — L (60) . We claim that
f 2nI(

—t21(6g)

s (\/iﬁ + Tn> e —r(By)e = |dt B 0.

Given the claim we have that

“(t] X) = V/1(0) gowfwo))\ at

Sy
&b

to / 7 (B0)e 102 — G/ TR o1/ T8 |

/

= Co/T(00)(t/T(60)) |

a|~»

ewn(t) _ 77(90)6—7521(90)/2’ dt

a|v~

(I1)

From the claim it also follows that

_ -t wn(t) gy P e (Y 2
C, /W(\/E+Tn>€ dt—>/7r(90 dt = 7(6p) 1(90)>0

which implies that (I) % 0. As for the second term observe that

Ci / w(80)e O — €T B p(t/T0)|
1 (o) —£21(60)/2
= Cn 71'(90) — Cn o /6 dt
e T(60)
= Cn 7T(90) —Cn o

b, C 16

o\ e 1w (00) — % (60)

=0.

Hence given the claim we have that

(] X) = /T@0)(tv/T80))| dt 0

as desired.
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We are left to prove the claim. To do this observe that by (B1),

b + 1) = 6al60) + (= + T — 00 ) €,(680)
<\/Lﬁ + T, — 6o
- 2

((Zz)) we have that

) [nI@%)+-Rn<;%—+7;)].

Then using the fact that T,, = 6y +

48
nl

en(ﬁ + Tn> ~ 0,(60) = (ﬁ + n}((%;))) ¢ (o)

_ L, (0) | £,(00)°  tPI(00)  tl,(60)
Vo nl(6) 2 vn

Therefore,

1 t %(90) ? t
T3 («—ﬁ - an)) Ro(fi+To).

Next we split the integral from the claim into three parts:
/ dt:/ ] dt+/ ] dt+/ L]dt.
tI<M M<|t|<\/nd’ o JItzvne B

We will show each term converges to 0 in probability. For the first term it suffices to show
that

—t21(0g)

T <\/%7 + Tn) e — w(fy)e =

@ (In) (I11)

_42
sup |7 (\/Lﬁ + Tn) e — 7(fy)e ol B
[t|<M
Then by Lemma 17.2 it suffices to check that
t*1(0
sup |m (\/Lﬁ —|—Tn> — (o) 20 and sup wy(t) + (60) 20.
lt|<M jt|<M 2
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To check the first condition notice that by the LLN, T,, = 6 + ff}(((;g% 20y + ]Efééi())) = 0,

(recall that under assumption (B0) the score has mean zero). Then

sup | (= + T, 0‘< T, — 6] B 0. 7
Mgi((ﬁ ) =60 [T — o] (7)

Since the convergence above is uniform over {t : [t| < M} and 7 is continuous this implies
SUPjy < p )7? (\/iﬁ + Tn> — 71'(90)‘ % 0. To check the second condition observe that

(%+ )ZRn<\/iﬁ+Tn>
ln

0p)? )
M? + LR, (L +T,)|.

Now M2+ &l07 24 N2y - Y(00)x7 = O,(1) (by assumption (B0)). So it suffices to show

nI(0o)?
that sup <y = ‘Rn (\/—ﬁ + Tn> (B1) there exists a 0 > 0 such that

t21(6y)
2

sup |wn(t) +

t|<M

= — Sup
2 |t\<M

P( sup X|R,(0)] <e)— 1.
16—60| <6

By (7) we know that the event
A, = {‘(\/iﬁJrTn) —90‘ <6 Vil <M}
satisfies P(A,) — 1. Then

P(sup 1 )R ( +T>

tl<m "

e) >P( sup 1|R,(0)] <e,4,) —1

|60—00|<d

Since this holds for all £ > 0 we conclude that sup; <y, % ‘Rn (\/Lﬁ + Tn>
that (I) 5 0

To deal with (III) we observe that

—f21(90)

(ITT) < / T (\/Lﬁ + Tn> en(®) gt +/ 7(6p)e dt.
[t]>v/nd’ |t|>+/nd’

2
Since 7(6p)e 7 s integrable the second term above converges to 0. So we need only
control f\tlzﬁé’ 7T (\/Lﬁ + Tn> ewn® dt. Using the change of variable t = \/n(6 — T,,) we have
that

£, (60)*
/ ™ (\/Lﬁ + Tn> en®) dt = / 7 (0) e O~ 003160y /i df
>/ 6T |25

S/ ™ (6) el (O)=a(00) /1y df.
|0—T|>6"
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By (B2) there exists ¢’ = £'(¢’) such that B, = {SUP|9—90\26’/2 0=t —6’} satisfies

n

P(B,) — 1. Let C, = {|T,, — 6p| < §'/2} which also satisfies P(C,,) — 1. For 6 such that
|0 — T,,| > ¢ we have that on B, N C,,

10— 00| =110 — Tl — [Ty — 6o]| = 6'/2 = €,(0) — £u(6) < —ne'.

Hence on B, N C,, we have that,

/ 7 (0) e O=n0) /i dh < \/ne ™ / 7(0)df < \/ne ™ — 0.
0T, |>6"

10T, |>6"
Since P(B,, N C,) — 1 this implies (ITT) % 0 for any fixed choice of &'.

To deal with (II) we will show that there exists C*(€),0* such that Ye > 0 and n large
enough,

—t21(0g)

P (7? (\/LE + Tn> e < C*r(fp)e 5, Vt:|t] < \/55*) >1—c.

By (B1) there exists 0* such that

P( sup  1R,(0) < 1%y 1.
|0—0p|<26*

S

g

=:Dy,
Then on the event E,, = {|T,, — 6y| < 0*} N D,, we have that

sup w(T, + \/Lﬁ) < sup w(f)=:Cy.

|t|<v/ns* |6—60|<25*
Note that we still have P(E,) — 1. As we mentioned earlier f;}((g(o’))z = O,(1) so there exists
a (5 depending on € such that
g/ (90)2
P & <Cy | >1—c.
( nI(@O 2| = 2
—F,

Then on F,, N E,, we have that for all ¢ such that |t| < y/nd*,

21(60) | (2.4 n(00)>\ 1 _t
N o B et T <

nI(0g)2

_21(09) | (2+C9)1(60) Cal(0g) _ t21(0n)
2 4 4 4

enlt) < e e e

which implies,

Col(6g) _ t21(60)
m <% + Tn> e < Cle™ 1 e a
n ——
C*

Since P(F,,NE,) > 1—¢ for n large enough this yields the desired conclusion. Then applying
this result we have that for n large enough,

(1) < (C* + )7 (6y) / e

M<|t|<y/né*

—t21(6)
4
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2
. .. . —t7I( ..
with probability 1 — . Since e = s integrable we can choose M, large enough so that
—t21(0g)

fM5<‘t|e i dt < m. Hence taking M = M, implies that for n large enough

(IT) < e with probability 1 — . We now have all the tools we need to conclude the proof.

We have shown that for every fixed M, ¢’ the terms (I) and (III) both converge in probability
to 0. Then fixing some ¢ > 0 we take M = M, and ¢’ = 6* so that (I) 4 (II) 4 (III) < e with

probability converging to at least 1 — . Since this holds for all ¢ > 0 we must have that
(I) + (IT) + (TI1) & 0 as desired.

The proof of the final part of the theorem involving assumption (B4) is left as a homework
exercise. ]

Lemma 17.2. Let {X,,(¢) }se7 and {Y,,(¢) }se7 be stochastic processes over T. Suppose that
the following hold:

sup [ X, (t) — f(6)] =0, sup|Ya(t) —¢[ 0
teT teT

where f : T — R is a bounded non-random function and ¢ is a non-random constant. Then

sup |V, (t)eXn® — /] 2 0,
teT

Proof. Let ¢ > 0 and define the event
A= {sup (0 = £0)] < 2. sup ¥a(0) - o] <
teT teT

so that P(A4,) — 1. Let us place ourselves on this event for the remainder of the proof. By
the triangle inequality we have that,

sup |V, (1)eX®) — ce/ D) < sup |V, (t)eX®) — ceXn®| 4 sup [ce X — el D)

teT teT teT
= sup|Y,(t) — c[eX® + |c| sup [eX»®D) — )|,
teT teT

On A,, we can bound |X,,(t)| < ||f|l~ +&. Applying this to the inequality above we get that,

Xn(t)

sup |Y,(t)e — ce?O| < elllte qup |V, (1) — ¢| + csup X — /O]
teT teT teT

< elfllotes 4 |c| sup ‘eXn(t) _ ef(t)|.
teT

Since the first term above can be made arbitrarily small for € small enough, we are left to
bound sup,. |eX*(® — e/®]. To do this, observe that taylor expanding e® yields,

e" — ™ = e8(x — mg) for some € € [x Awg, Vo] = ¥ — ™| < eV |1 — x¢).
Applying this to [eX») — )| we have that on A,,

sup ‘eXn(t) — ef(t)’ < elfll=te gup X, (t) — f(t)] < ellfllootes
teT teT

Since this can be made arbitrarily small for € small enough we are done. O]
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18 Lecture 18

18.1 Hypothesis Testing

We can frame hypothesis testing as an inference problem in the following manner. Let
{Py : 0 € O} be a family of probability measures dominated by a o-finite measure p (yielding
densities py(x) = %). Let © = ©y U O, be a disjoint partition of the parameter space and
g(0) = 1[0 € ©4]. The central problem in hypothesis testing is to estimate g(0).

Let ¢ : X — {0,1} be an estimator of g(f). Then ¢ is called a (non-randomized) test
function. There are two types of error we care about when choosing a test function. The Type
I error (also called the size) of a test function ¢ is supgee, Po(¢(X) = 1) = supyee, Eo[o(X)].
One can think of the Type I error as the probability of rejecting the null hypothesis (Oy)
under the null. Analogously, the Type II error of a test function ¢ is the probability of
accepting the null hypothesis under the alternative (©;). Often we talk about the power of
a test which is defined as 1—Type II error: infopee, Eg[¢(X)] = 1 — supgee, Po(d(X) = 0).

Typically we choose a limit « for the size of our test and try to find a test function which

maximizes power subject to the level constraint:

max{sup Eg[p(X)]} s.t.sup Eg[o(X)] < a.
¢ 0eo, €60

If a test function has size < o we say it has level a. Note that the function 8,(0) = Eg[¢p(X)]
is called the power function of a test ¢.

We can also define randomized tests ¢ : X — [0, 1] which we interpret as rejecting the null
if (X) = 1, accepting the null if ¢(X) = 0, and rejecting the null with probability p if
¢(X) = p. The definitions for power and size are the same for randomized tests.

Definition 18.1. A test ¢ is most powerful (MP) for testing Hy : 0 = 0y v.s. Hy : 6 = 0; at
level «v if ¢ is level a and if for any other level a test ¢, B4(01) > By(61).

Theorem 18.2 (Neyman-Pearson Lemma). Let « € [0, 1], 6,0, € O.

(i) For testing Hy : 0 = 0y v.s. Hy : 0 = 6 there exists a (possibly randomized) test ¢ and
a constant K € [0, 0o] such that ¢ satisfies,

1 if X) > Kpg, (X
(NP].) ¢(X) — 1 p91( ) > p90( )
0 if pg, (X) < Kpgy(X)
and (NP2): Eg,[¢(X)] = a. Note that we use the convention oo -0 = 0.
(i) If a test satisfies (NP1) and (NP2) then it is MP for testing Hy v.s. H; at level .

(iii) If ¢ is MP for testing Hy v.s. H; at level a then ¢ must satisfy (NP1) for a com-
mon value of K. ¢ must also satisfy (NP2) unless there is another test ¢ such that
B, [1(X)] < o and Eo, [/(X)] = 1.
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Proof.

(i)

(i)

Assume that o € (0,1). Let L(x) = pyg, (z)/pg,(z) be the likelihood ratio. Then
f(c) :=Ppy(L(X) > ¢) =1 —Py,(L(X) < ¢)

is right-continuous and non-increasing with f(—oo) = 1 and f(oc0) = 0. Then it follows
that ¢y such that f(c) < a < f(ep—). In particular we take ¢y = inf{c : f(c) < a}
(then f(co) < «a follows from the right continuity of f and a < f(co—) follows from
the definition of the infimum). Take K = ¢y and define the test ¢ as in (NP1). If
fleo—) — f(co) = Po, (o, (X) = cope, (X)) = 0 then ¢ is defined a.s. and satisfies

Eq, [¢(X)] = Py, (p01 (X) > CoPe, (X)) = f(co) = Q.
If f(co—) — f(co) > 0 define the test

1 if pg, (X) > cope, (X)
P(X) = ¢ if pg, (X) = copa, (X)
0 if pg, (X) < cope, (X)

where v = i (CO()CO). Again ¢ satisfies

flco—)—f(co)
Eg, [¢(X)] = f(co) +7[f(co—) — f(co)] = flco) + @ — f(cr) = a.

Finally if @« = 0 or 1 then it is easy to see that taking K = oo or K = 0 respectively
yields tests with the desired properties.

Let ¢ be a test satisfying (NP1) and (NP2) and ¢ be any other level « test. We claim
that

[ o0 0) = Ko (a))(6(0) — 01 o) > 0.
This follows because
po,(z) — Kpgy(z) >0 = ¢(z) —(z) =1
po,(x) — Kpg,(z) <0 = ¢(z) —¢(z) =0 —

By the claim it follows that

Eo, [0(X)] = Eo, [ (X)] = K (B, [¢(X)] — B, [(X)]) = K(a —a) = 0.

Note that if K = oo then a = 0 and it is easy to see that any other level 0 test cannot
have a larger rejection region.

Let ¢ be the test from (i). Let 1) be any MP level a test. From the proof of part (ii)
we get that ¢(X) = ¥(X) a.s. on the set {pg, () — Kpg,(z) # 0} (else the inequality
above would be strict). Hence v satisfies (NP1) for a common value of K.

Finally we are left to show that ¢ must also satisfy (NP2) unless there is another
test ¢’ such that Eg,[¢'(X)] < o and Ey, [¢'(X)] = 1. Then we need only show that
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Eg, [¢(X)] < o implies there exists such a ¢’. Hence it suffices to show that Eg, [¢)(X)] <
a and Eg, [¢(X)] < 1 implies that ¢ is not MP. So suppose that Ey,[¢)(X)] < a and
Eg, [¢(X)] < 1. Then from the proof of part (ii) we have that,

Eo, [6(X)] — B, [(X)] = K (B [6(X)] — Eo, [(X)]) = K(a = Egy [1/(X)]).

If K > 0, the RHS is strictly positive since Eg,[t/(X)] < «. Then this implies that
Ep, (X)) > Ep, (X)) so ¢ is not MP. If K = 0 then ¢ always rejects unless py, (X) = 0.
This implies that Ep, [¢(X)] = [ 1 pe, (z)dx = 1. Since Eg, [tp(X)] < 1 this implies
that v is not MP.

]

Example 18.3. Let X ~ Bern(6), Y ~ N(0,1) be independent. Suppose we wish to test
Hy:0=1/2vs Hy:0=2/3 at level @ = 0.05. Then py(z,y) o 6°(1 — 6)' % ¥*/2 s0

pass(,y) {2/3 ifr=0

L(x,y) =
(+.9) pa(r,y)  |4/3 ifz=1.

Since Py, (L(X,Y) > 4/3) = 0 < a and Py, (L(X,Y) < 4/3) =Py, (X =0) = 1/2 > a we
know that a MP test must take the form from the Neyman-Pearson Lemma with K = 4/3.
To achieve exact size o we must have the test reject on the set L(X,Y") = 4/3 with probability
a/Pe (L(X,Y) =4/3) = 2. Hence an MP test is

if L >4/3
=4/3and Y <97 1(2a) {1 if X=1and Y < ®1(2a)

]' ( Y )
1 if L(X,Y) =

0 ifL(X,Y)=4/3and Y > ®'(2a)
0 if L(X,Y) < 4/3

X,Y) = ’
! ) 0 otherwise.

Y

Example 18.4. Let X;, X, Bern(¢). Suppose we wish to test Hy: 0 =1/2 v.s H; : 0 =

2/3 at level a = 0.5. Setting L(zy,xq) = ﬁ:lgi one can easily verify that L(1,1) = 16/9,
0

L(0,1) = L(1,0) = 8/9, and L(0,0) = 4/9. Then it follows that Py, (L(X1, X2) > 8/9) =
1/4 < a and Py, (L(X1, X2) > 4/9) = 3/4 > « so the MP Neyman-Pearson test must have
K =8/9. To achieve size o we must reject on the set L(X;, Xo) = 8/9 with probability 1/2.
Hence an MP test is

1 if L(X1, Xs) > 8/9

1 if L(Xy, X)) = X1 =1 1 ifX;=1
(X1, Xz) = H L%, Xz) = 8/9 and X, = o :

0 if L(Xy,X2) =8/9and X; =0 0 otherwise.

0 if L(X), X2) < 8/9

Remark 18.5. Part (iii) of the Neyman-Pearson Lemma implies that if u({z : pe, (x) =
Kpg,(x)}) = 0 then all MP level « tests are a.s. unique.

Corollary 18.6. Let 5§ = [(6;) be the power of an MP level « test for Hy : = 6, v.s.
Hy:0=0,. If a € (0,1) then o < 8 unless py, = py, a.S p.
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Proof. Let ¢¥(X) = a. Then v is a level a test with power . Since [ is the power of an
MP test we must have that 8 > (,(61) = a. Now suppose f = a € (0,1). Then ¢ is MP
which implies there exists a K such that py, (X) = Kpy,(X) a.s. u (since ) never equals 0
or 1) and therefore py, (x) = pg,(z) a.s p. O

18.2 TUMP Tests

Definition 18.7. A test ¢ is said to be a Uniformly Most Powerful (UMP) level « test for
testing Hy : 6 € ©g v.s. Hy : 0 € Oy if supyeg, Eg[¢(X)] < a and ¢ is MP for testing
H()I@E@QV.S. H,:0 =0, for all 0§, € ©,.

Example 18.8. Let Xi,..., X, & N(60,1). Suppose we wish to test Hy : § = 0 v.s.
Hy :0 >0 at level a. Fix a particular §; > 0. Then

L(z) = gzg; = exp (nx@l - ”79%) .

Rejecting for large values of L(X) is equivalent to rejecting for large values of X. Hence the
NP Lemma yields a MP test of the form ¢(X) = 1[X > K|. Since X ~ \/Lﬁ./\/'((), 1) under

Hy we must take K = ®71(1 — a)/y/n. Since this test does not depend on 6 it is UMP.

Example 18.9. Let X;,..., X, b N(60,1). Suppose we wish to test Hy : § = 0 v.s.
Hy : 0 # 0 at level a. Fix a particular ¢, # 0. If #; > 0 then the test from the previous
example is MP. If §; < 0 a symmetric argument shows that the test 1[X < —K] for the
same K as above is MP. It is not hard to see that these tests have different power functions.
Moreover by Remark 18.5 we see that these MP tests are a.s. unique. Hence no UMP test
can exist since it would have to agree with both of these tests at the same time.
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19 Lecture 19

19.1 Monotone Likelihood Ratios

Definition 19.1. Suppose O is an interval. An identifiable family {py : 6 € O} of densities
is said to have Monotone Likelihood Ratios (MLR) if there exists a statistic 7'(X) such that
for all 8; < 05 the likelihood ratio

Po, (x)
Po, (iL‘)

L92,91 (.17) =

is non-decreasing in 7'(z) a.s. on the set {z : py,(z) > 0} U{z : py,(x) > 0}
Example 19.2. Consider the exponential family py(z) = exp(n(0)T(z) — B(0))h(x) where

7 is a non-decreasing function. Then

Lovor (2) = 22— oxp(in(02) — n(0)1T(2) — [B(6a) — B®))
Do, (ZL’)

is non-decreasing in 7'(z) so the family has MLR in 7.

Example 19.3. Let X4,..., X, & Unif(0, 0) for # > 0. Then it can be easily verified that

A B it 0) < 2 < 0a.

Since this is increasing in 7'(x) = 2(,) the model has MLR in 7'(X). Note that we can ignore
the value of the likelihood ratio off of the supports of py, and py,.

Theorem 19.4 (UMP Test for MLR Families). Let {py : 6 € O} have MLR in T'(z). Let
0y € ©. Then for testing Hy : 6 < 0y v.s. Hy : 0 > 0, there exists a UMP level a test ¢
which satisfies:

(i)

if T(X) >
if T(X)
if T(X) <

P(X) =

c
C
Cc

[ R

where v, ¢ are chosen so that Eg, [¢(X)] = a.
(ii) The power function of ¢ is strictly increasing on the set {6 : 0 < 5,(0) < 1}.
(ili) For all ¢, ¢ is UMP for testing Hy: 0 < @' v.s. Hy : 6 > 0 at level o = S4(¢').

(iv) For any 6 < 6y, ¢ minimizes Type I error at 6 (i.e. (,(6)) among all tests satisfying
Ego[6(X)] = v,
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Proof.

(i)

(iii)
(iv)

Let a € (0,1) and define f(c) = Py, (T(X) > ¢). The f is right-continuous and
non-increasing with f(—oc) = 1 and f(oco) = 0. As we saw in the proof of the
Neyman-Pearson Lemma this implies Jcg such that f(cg) < a < f(co—). Define the
test

P(X) = {7 HT(X)=co

0 i T(X) < ¢

where v = ﬁ Note that if f(co—) — f(co) = 0 the event T(X) = ¢y has
measure zero so ¢ is afways well-defined a.s. Repeating the calculations from the proof
of the NP Lemma one can easily verify that Ey,[¢(X)] = a. If @ = 0 or 1 we take
cop = oo and ¢y = —oo respectively and it is easily verified that Eg,[¢(X)] = a.

Now fix some 6; > 0y. We will first show that ¢ is MP for Hy : 0 = 0y v.s. H; : 0 = 6,.
By part (ii) of the NP Lemma it suffices to check that there exists a K such that ¢
rejects when L(X) = pg, (X)/pe,(X) > K and accepts when L(X) < K. Since the
family has MLR in T there exists a non-decreasing g such that L(z) = ¢g(T'(x)). Then
taking K = g(cy) we have that

L(X) > K = g(T'(X)) > g(co) = T(X)>co = ¢(X)
L(X) < K = g(T(X)) < g(c) = T(X) <co = ¢(X)

1
0.

Hence ¢ is MP level a for the simple v.s simple case. Since ¢ does not depend on 6,
it follows that ¢ is UMP level « for testing Hy : 0 = 6y v.s. Hy : 0 > 0,.

Now fix some 6, < 6. Consider testing Hy : 0 = 6 v.s. H; : § = 6. From
the argument above we know that ¢ is MP level §4(6;) for this problem. Then by
Corollary 18.6 it follows that 5,(6]) < B4(6y) = . Hence ¢ has level « for the original
testing problem Hy : 0 < 6y v.s. Hy : 0 > 6.

Finally, suppose that v is any other level « test for Hy : 0 < 60y v.s. Hy : 8 > 6y. Then
restricting 1 to a test for Hy : 6 = 6y v.s. Hy : 0 > 6 yields a level « test. Since ¢ is
UMP level « for this restricted testing problem we must have that 3,(6) < ,(8) for
all 8 > 6y. Hence ¢ is UMP level a for the original testing problem.

Fix 8/ < 0" and consider testing Hy : § = ¢’ v.s. Hy : 8 = #”. By the argument
above we know that ¢ is MP level ,(6') for this testing problem. By Corollary 18.6
it follows that B4(0") < B4(0") as long as 5,(6') € (0,1) and pp # pgr. Since MLR
families are assumed to be identifiable we have that (,(0) is strictly increasing on the
set {6:0 < B,(6) < 1}.

This follows immediately from the proof of (i).

Fix ' < 6y. We know that ¢ minimizes Eg [¢(X)] subject to Ey, [¢(X)] = a < ¢
maximizes Eg/[1 — ¢(X)] subject to Eg,[1 — #(X)] =1 — a. Then defining v =1 — ¢
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it suffices to show that ¢ is MP level 1 — « for testing Hy : 6§ = 6y v.s. Hy : 0 = 0'.
Observe that 1 has the form

1 ifT(X)<c
WX) =41~ HT(X)=c
0 if T(X) > ¢

By a symmetric argument to that in the proof of part (i) it follows that v is MP level
1—oa.

]

Example 19.5. Let Xi,..., X, w Unif(0,0). Suppose we wish to test Hy : 0 < 1 v.s.

H; : 0 > 1. Recall that this family has MLR in X(,). Hence the test
H(X) =1[X4) > K]

is UMP level a where K is chosen so that Py—;(X(,) > K) = a.

19.2 Least Favorable Distributions

Suppose ©g is composite and let w be a prior distribution over ©y. Then we can define a
distribution on X by

mﬂ(x):/(a po(x)dm(0).

Theorem 19.6. Suppose ¢, is an MP level « test for testing Hy : X ~ m, v.s. Hy : X ~ pp,
and that ¢, has size o on Oq (i.e supyce, Eo[¢(X)] < a). Then:

(i) ¢n is MP for testing Hy: 0 € ©g v.s. Hy : 0 = 0;.

(ii) If ¢, is unique MP for Hy : X ~ m, v.s. Hy : X ~ pg, then ¢, is unique MP for
H():eE@OV.S. H1:9=91.

(iii) By = Eg,[¢0(X)] < Egy, [¢pr (X)] = B for all other priors 7'
Proof.

(i) Let ¢ be level a for Hy : 0 € ©g v.s. Hy : 0 = 6,. Then by Fubini

Enlo(X)) = |

)

Eilo(X)dr(6) < [ adn(6) =a.

©

Hence ¢ is level a for Hy : X ~m, v.s. Hy 1 X ~ pg,. Since ¢, is MP for Hy : X ~ m,
v.s. Hy : X ~ pg, this implies that Eg, [¢(X)] > Eg, [6(X)].

(ii) This follows from the proof of (i).
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(iii) Let «’ be an arbitrary prior on 6. By the same argument used in the proof of (i) we

have that E,[¢-(X)] < «. Since ¢, is MP level « for this testing problem, we must

have that Eg, (¢ (X)] > Eg, [¢(X)]. O

Example 19.7. Let Xq,..., X, w f for f a density with respect to the Lebesgue measure.

Let p = P(X; > 0). Suppose we wish to test Hy : p < 1/2 v.is. Hy : p > 1/2 at level
€ (0,1). Start by fixing a density f; such that p; = Py, (X7 > 0) > 1/2. Let

_ fi(x)1x > 0]
fR+ f1<I>d$

be the density of X | X > 0 under f;. Let f{ be the corresponding density for X | X < 0.
Then

fi (@)

fi=pfif + (1 =p)fi.
In particular we can equivalently represent a density f; by the tuple (py, fi", fi ). Let 7
be a point mass on (1/2, fi", f;). Then we can find a test for Hy : (1/2, fif, f;) v.s Hy :

(p1, fi75 fi)- Onme can easily verify that the corresponding likelihood ratio is increasing in
N, =>"" ,1[X; < 0]. Hence there exists an MP test of the form

1 if N, >c
0 ifN,<ec

Since ¢ does not depend on the choice of fi, it is level &« on Hy : p = 1/2. In fact, one can
verify that ¢ is level a on all of Hy : p < 1/2 by checking that E,[¢(X)] is non-decreasing in
p. Then by the previous theorem we have that ¢ is MP for Hy : p < 1/2v.s Hy : (p1, fi7, f1)-
Since ¢ does not depend on f; or p; it must in fact be UMP level « for Hy : p < 1/2 v.s
Hy:p>1/2.
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