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1 Lecture 1

1.1 Setup

Let Θ be an arbitrary set (the parameter space) and let {Pθ : θ ∈ Θ} be a collection of
probability measures defined on a measurable space X (the sample space). Throughout this
course we will almost always assume the existence of a σ-finite measure µ that dominates
the collection {Pθ : θ ∈ Θ}. This allows us to define densities pθ(x) =

dPθ

dµ
via the Radon-

Nikodym derivative. Because of this we may equivalently refer to the family as the collection
of probability density functions {pθ : θ ∈ Θ}.

One of the central problems of statistics is the so-called inference problem: We observe
a sample X ∼ Pθ where θ is unknown and we wish to infer g(θ) where g : Θ → R is some
known function. To solve this problem we define an estimator δ : X → R which we hope
provides a reasonable estimate of the true value of g(θ). Reasonable is defined in terms of a
loss function L : R2 → R where lower values of the loss L(δ(X), g(θ)) correspond to better
estimators. Notice that the loss is a random variable (since X is random). To alleviate this
we define the expected loss or risk R(θ, δ) = E[L(δ(X), g(θ))] where the expectation is taken
with respect to Pθ. Since the risk is non-random, we can now sensibly talk about minimizing
it for different values of θ.

Example 1.1. Let X1, . . . , Xn
iid∼ N (θ, 1) for some θ ∈ R and g(θ) = θ. Some possible

estimators are the sample mean δ1(X) = X̄ and the all zero estimator δ2(X) = 0. For the
squared error loss function L(x, y) = (x− y)2 their risks are R(θ, δ1) =

1
n
and R(θ, δ2) = θ2.

Hence δ2 has lower risk for |θ| < 1√
n
and higher risk for |θ| > 1√

n
.

The above example uncovers an important issue. How can we determine which of the two
estimators is better? The problem being that neither one has lower risk than the other (that
is lower risk uniformly in θ). We will explore many frameworks in this class (unbiasedness,
minimax, Bayesian) to address this issue.

1.2 Sufficiency

Often when we are given a high-dimensional sample X we may be able to make a reduction
to a simpler statistic T (X) without discarding relevant information. Towards this end we
define a sufficient statistic.

Definition 1.2. A statistic T (X) is sufficient for {Pθ : θ ∈ Θ} if the conditional distribution
X | T (X) does not depend on θ.

An important theorem involving sufficient statistics is the Neyman-Fisher factorization the-
orem.

Theorem 1.3 (Neyman-Fisher). Let pθ(x) =
dPθ

dµ
(x) be the densities admitted by the collec-

tion {Pθ : θ ∈ Θ} with respect to a σ-finite dominating measure µ. Then T (X) is sufficient
for {Pθ : θ ∈ Θ} iff pθ(x) = gθ(T (x))h(x) [µ a.e] where gθ, h are non-negative measurable
functions.
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Proof. We will give the proof for the finite case only (i.e. where |X | < ∞). It is left as an
exercise to the reader to prove the general case. Suppose that

pθ(x) = gθ(T (x))h(x)

for all x ∈ X . Then,

Pθ(X = x | T = t) =
Pθ(X = x, T = t)∑
y∈X Pθ(X = y, T = t)

=
gθ(t)h(x)1[T (x) = t]

gθ(t)
∑

y∈X h(y)1[T (y) = t]

=
h(x)1[T (x) = t]∑
y∈X h(y)1[T (y) = t]

.

Since this is independent of θ we have that T (X) is sufficient.

Now suppose that T (X) is sufficient. Then,

pθ(x) = Pθ(X = x)

= Pθ(X = x, T (X) = T (x))

= Pθ(X = x | T (X) = T (x))︸ ︷︷ ︸
h(x)

·Pθ(T (X) = T (x))︸ ︷︷ ︸
gθ(T (x))

.

The function h above is independent of θ because T (X) is sufficient.

Remark 1.4. To prove the general case of the Neyman-Fisher theorem it is useful to recall
the conditional change of measure formula. Let P and Q be such that Q is absolutely
continuous with respect to P . Let L = dQ

dP
be the Radon-Nikodym derivative. Then the

conditional expectation of X under Q is given by:

EQ[X | G] =
EP [XL | G]
EP [L | G]

.

Suppose that dPθ

dµ
(x) = gθ(T (x))h(x) and apply the above formula to P = µ, Q = Pθ,

X = 1A, and G = σ(T ). This yields

Pθ(A | T ) =
Eµ[1A

dPθ

dµ
| T ]

Eµ[
dPθ

dµ
| T ]

.

Plugging in dPθ

dµ
(x) = gθ(T (x))h(x) and canceling common factors is enough to prove one

direction of the general case.
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2 Lecture 2

2.1 Minimal Sufficiency

Sufficient statistics are not hard to find. In fact given a sample X, the trivial statistic
T (X) = X is always sufficient. One may then ask if there is a minimal sufficient statistic.

Definition 2.1. A statistic T (X) is minimal sufficient if for all sufficient statistics S(X),
there exists a measurable map f such that T (X) = f(S(X)) [a.s. Pθ] for all θ.

Definition 2.2. For a pdf p(x) we define its support as the set {x : p(x) > 0}.

Theorem 2.3. Let Θ = {θ0, θ1, . . . , θk} be finite. Let the pdfs pθ0 , pθ1 , . . . , pθk have common
support. Then

T (X) =

(
pθ1(X)

pθ0(X)
,
pθ2(X)

pθ0(X)
, . . . ,

pθk(X)

pθ0(X)

)
is minimal sufficient.

Proof. Observe that

pθℓ(x) =
pθℓ(x)

pθ0(x)
pθ0(x) = [T (x)]ℓ · pθ0(x)

is a product of a function of T (x) and a function that is independent of θℓ. Then by the
Neyman-Fisher theorem T is sufficient. Now let S(X) be any other sufficient statistic. Then
by the Neyman-Fisher theorem there exist functions such that

pθℓ(x) = gθℓ(S(x))h(x) =⇒ T (x) =

(
gθ1(S(x))

gθ0(S(x))
,
gθ2(S(x))

gθ0(S(x))
, . . . ,

gθk(S(x))

gθ0(S(x))

)
= f(S(x)).

Hence T is minimal sufficient.

Example 2.4. Let X1, . . . , Xn
iid∼ N (θ, 1) and let θ ∈ Θ = {0, 1}. Then from the above

theorem we know that
pθ1(X)

pθ0(X)
=
e−

1
2

∑n
i=1(Xi−1)2

e−
1
2

∑n
i=1X

2
i

= enX̄−n/2

is minimal sufficient. Since this is a one-to-one function of X̄ this implies that X̄ is minimal
sufficient.

The previous theorem allows us to find minimal sufficient statistics in finite families. The
following result allows us to find minimal sufficient statistics in larger parametric families.

Theorem 2.5. Let the collection of pdfs {pθ : θ ∈ Θ} have common support. Let Θ0 ⊂ Θ.
Assume that,

(a) T (X) is sufficient for {pθ : θ ∈ Θ},

(b) T (X) is minimal sufficient for the sub-family {pθ : θ ∈ Θ0}.

Then T (X) is minimal sufficient for the whole family {pθ : θ ∈ Θ}.
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Proof. Let S(X) be sufficient for {pθ : θ ∈ Θ}. Since sufficiency is a property that holds
uniformly over θ, S(X) is still sufficient for the smaller family {pθ : θ ∈ Θ0}. Since T (X) is
minimal sufficient for the smaller family there exists a measurable map f such that T = f(S)
[a.e. pθ] for all θ ∈ Θ0. Since the densities have common support they have the same null
sets. Hence we have that T = f(S) [a.e. pθ] for all θ ∈ Θ. Hence T is minimal sufficient for
the larger family.
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3 Lecture 3

3.1 Exponential Families

Definition 3.1. A collection of densities {pθ : θ ∈ Θ} is said to form a k-dimensional
exponential family if

pθ(x) = exp

(
k∑
i=1

ηi(θ)Ti(x)−B(θ)

)
h(x), ∀x ∈ X , θ ∈ Θ.

Remark 3.2. Notice that an exponential family always has common support. Thus the
family of U(0, θ) distributions does not form an exponential family. In the homework we will
show that the Cauchy location family is not an exponential family either.

Theorem 3.3. Let {pθ : θ ∈ Θ} be an exponential family with densities

pθ(x) = exp

(
k∑
i=1

ηi(θ)Ti(x)−B(θ)

)
h(x), ∀x ∈ X , θ ∈ Θ.

Let Γ = η(Θ) = {(η1(θ), . . . , ηk(θ)) : θ ∈ Θ} ⊂ Rk. Suppose there exists v0, v1, . . . , vk ∈ Γ
such that v1 − v0, v2 − v0, . . . , vk − v0 are linearly independent. Then T (X) is minimal
sufficient.

Proof. Let θ0, θ1, . . . , θk ∈ Θ be such that η(θi) = vi. By the Neyman-Fisher theorem T (X)
is sufficient. Then by the previous theorem it suffices to show that T is a function of(

pθ1(x)

pθ0(x)
, . . . ,

pθk(x)

pθ0(x)

)
=
(
e(v1−v0)

⊤T (x)eB(θ0)−B(θ1), . . . , e(vk−v0)
⊤T (x)eB(θ0)−B(θk)

)
.

This is the case if and only if T is a function of

u(x) :=
(
(v1 − v0)⊤T (x), . . . , (vk − v0)⊤T (x)

)⊤
.

Let A be the matrix whose rows are (v1 − v0)⊤, . . . , (vk − v0)⊤. Then u(x) = AT (x). Since
the rows are linearly independent, A is invertible, and hence T (x) = A−1u(x).

Example 3.4. Let X1, . . . , Xn
iid∼ N (θ, θ2) for θ > 0. This is an exponential family with

densities of the form

pθ(x) = exp

(
− 1

2θ2

n∑
i=1

x2i +
1

θ

n∑
i=1

xi −
n

2
[1 + ln(2πθ2)]

)
.

The sufficient statistic is T (X) = (
∑n

i=1X
2
i ,
∑n

i=1Xi) and the natural parameter space takes
the form

η(Θ) =

{(
− 1

2θ2
,
1

θ

)
: θ ∈ R+

}
.

Taking θ0, θ1, θ2 = 1, 2, 3 it is not hard to check that η(θ1) − η(θ0) and η(θ2) − η(θ0) are
linearly independent. Then by the previous theorem T is minimal sufficient.

7



3.2 Completeness

Consider a statistic A(X) whose distribution does not depend on θ. What do we expect the
relationship to be between A(X) and a minimal sufficient statistic? Intuitively we expect
them to be independent. If they weren’t there would be some “piece” of the minimal sufficient
statistic that depends on A(X). Since A(X) has no information about θ, we would be able to
remove that piece to get an even more minimal statistic. Of course this is highly informal but
the idea of completeness follows from this sort of thinking. In particular the above suggests
that if T is minimal there should not exist a non-trivial map f such that A(X) = f(T ).
Equivalently, if the distribution of f(T ) does not depend on θ then f must be trivial (that
is f(x) ≡ c). The definition of completeness slightly relaxes this notion. Instead of requiring
that the distribution of f(T ) does not depend on θ we only require that the expected value
of f(T ) does not depend on θ.

Definition 3.5. We say T (X) is complete for {Pθ : θ ∈ Θ} if, for every measurable function
f satisfying Eθ|f(T )| <∞ for all θ ∈ Θ,

Eθf(T ) = 0 for all θ ∈ Θ =⇒ f(T ) = 0 [Pθ-a.s.] for all θ ∈ Θ.

Theorem 3.6. Let {pθ : θ ∈ Θ} be an exponential family with densities

pθ(x) = exp

(
k∑
i=1

ηi(θ)Ti(x)−B(θ)

)
h(x), ∀x ∈ X , θ ∈ Θ.

Suppose Γ = η(Θ) has a non-empty interior. Then T (X) is complete sufficient.

Proof. We will first give a proof of this result when k = 1 and X is countable. Let f be a
measurable function such that Eθ|f(T (X))| <∞ and Eθf(T (X)) = 0 for all θ ∈ Θ. Then

0 =
∑
x∈X

f(T (x))eη(θ)T (x)h(x) =
∑

t∈T (X )

f(t)eη(θ)tk(t)

where k(t) :=
∑

x∈T−1(t) h(x). Hence∑
t∈T (X )

f+(t)eη(θ)tk(t) =
∑

t∈T (X )

f−(t)eη(θ)tk(t) (1)

By the assumption that Γ has non-empty interior we know there exists η0 ∈ Γ such that (η0−
δ, η0 + δ) ⊂ Γ (for δ small enough). Let c :=

∑
t∈T (X ) f

+(t)eη0tk(t) =
∑

t∈T (X ) f
−(t)eη0tk(t).

If c = 0 then we must have f+(T (X)) = f−(T (X)) = 0 a.s pθ which implies f(T (X)) = 0
a.s. pθ completing the proof. Then suppose c ̸= 0. Then we can define densities

ρ+(t) =
1

c
f+(t)eη0tk(t) and ρ−(t) =

1

c
f−(t)eη0tk(t).

From (1) follows that ∑
t∈T (X )

ρ+(t)eλt =
∑

t∈T (X )

ρ−(t)eλt

for all λ ∈ (−δ, δ). By the uniqueness of MGFs it follows that ρ+ ≡ ρ− and therefore that
f+(T (X)) = f−(T (X)) a.s. pθ. Hence f(T (X)) = 0 a.s. pθ completing the proof.
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The above proof is fairly intuitive. We can generalize it to the case where k and X are
arbitrary as follows:

Proof. Let f be a measurable function such that Eθ|f(T (X))| < ∞ and Eθf(T (X)) =
0 for all θ ∈ Θ. Then ∫

X
f(T (x))eγ

⊤T (x)h(x)dµ(x) = 0 for all γ ∈ Γ.

Observe that h(x) is non-negative (else the density defined by the exponential family would
be negative) so we can define a measure ν by ν(A) :=

∫
A
h(x)dµ(x). Hence for all γ ∈ Γ,∫

X
f(T (x))eγ

⊤T (x)dν(x) = 0 =⇒
∫
T (X )

f(t)eγ
⊤td(ν ◦ T−1)(t) = 0.

Note that ν ◦ T−1 denotes the pushforward of ν by T . Then for all γ ∈ Γ,∫
T (X )

f+(t)eγ
⊤td(ν ◦ T−1)(t) =

∫
T (X )

f−(t)eγ
⊤td(ν ◦ T−1)(t), (2)

with both sides positive and finite. We will now carefully define two probability measures
to simplify the equality above. Since Γ has a non-empty interior choose γ0 ∈ Γ so that
Br(γ0) ⊂ Γ for some r small enough (here Br(x) denotes the open ball of radius r centered
at x). Using γ0 define the measures ρ+, ρ− by

ρ+(A) :=

∫
A

f+(t)eγ
⊤
0 td(ν ◦ T−1)(t) and ρ−(A) :=

∫
A

f−(t)eγ
⊤
0 td(ν ◦ T−1)(t).

Suppose that ρ+(T (X )) = 0. Since the integrand above is positive this implies that f+(t) = 0
[a.e. ν ◦ T−1]. Undoing the pushforward we have that f+(T (x)) = 0 [a.e. ν] which implies
f+(T (X)) = 0 [a.s. pθ] for all θ ∈ Θ (since µ dominates {pθ : θ ∈ Θ}). A similar line
of reasoning shows that ρ−(T (X )) = 0 implies f−(T (X)) = 0 [a.s. pθ] for all θ ∈ Θ. By
(2) we have that ρ+(T (X )) = 0 if and only if ρ−(T (X )) = 0. Hence if ρ+(T (X )) = 0 or
ρ−(T (X )) = 0 then f(T (X)) = 0 [a.s. pθ]. This completes the proof for the case that
ρ+(T (X )) = 0 or ρ−(T (X )) = 0.

Next suppose that ρ+(T (X )) > 0 and ρ−(T (X )) > 0. Since these are finite measures we can
normalize them to produce probability measures P+ and P−. Then (2) implies that for all
δ ∈ Br(0), ∫

T (X )

eδ
⊤tdP+(t) =

∫
T (X )

eδ
⊤tdP−(t).

with both sides finite. By the uniqueness of MGFs we have that P+ = P− which implies
ρ+ = ρ− and therefore that f+(t)eγ

⊤
0 t = f−(t)eγ

⊤
0 t [a.e. ν ◦T−1]. Canceling eγ

⊤
0 t and undoing

the pushforward we have that f+(T (x)) = f−(T (x)) [a.e. ν] and therefore that f(T (x)) = 0
[a.e. ν]. Since ν dominates {pθ : θ ∈ Θ} this completes the proof.

The above theorem is quite general. It allows us to easily identify a complete sufficient
statistic when working with exponential families. As was hinted at in the beginning of this
section, we also have the following theorem connecting completeness to minimality.
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Theorem 3.7. Let T be complete sufficient and suppose that a minimal sufficient statistic
exists. Then T is minimal sufficient.

Proof. Let U be minimal sufficient. It suffices to show that T is a function of U . Let
g(U) = Eθ[T | U ] (note that g is independent of θ since U is sufficient). Since U is minimal
we also have that U = f(T ) for some measurable map f . Then

Eθ[T − g(f(T ))] = Eθ[T − E[T | U ]] = 0 for all θ ∈ Θ.

Since T is complete this implies that T = g(f(T )) = g(U) [a.s. Pθ] for all θ ∈ Θ.

Example 3.8. Let X1, . . . , Xn
iid∼ U(0, θ) for θ > 0. In the homework we will show that X(n)

is complete sufficient.
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4 Lecture 4

4.1 Ancillary Statistics

Definition 4.1. A statistic S(X) is ancillary if its distribution is independent of θ.

Theorem 4.2 (Basu). If T (X) is complete sufficient and S(X) is ancillary then T (X) and
S(X) are independent.

Proof. Observe that Pθ(S(X) ∈ A | T ) for a fixed set A is a measurable function of T .
Moreover this function is independent of θ because T is sufficient. Define h(T ) = Pθ(S(X) ∈
A | T )− P(S(X) ∈ A) so that Eθh(T ) = 0 for all θ ∈ Θ. Then by the completeness of T we
must have that h(T ) = 0 [a.s. Pθ] for all θ and therefore that Pθ(S(X) ∈ A | T ) = P(S(X) ∈
A) [a.s. Pθ] for all θ. Thus,

Pθ(S(X) ∈ A, T (X) ∈ B) = Eθ[Pθ(S(X) ∈ A | T )1[T (X) ∈ B]]

= Eθ[P(S(X) ∈ A)1[T (X) ∈ B]]

= P(S(X) ∈ A)P(T (X) ∈ B).

Example 4.3. Let X1, . . . , Xn
iid∼ U(0, θ) for θ > 0. Recall that X(n) is complete sufficient.

Moreover letting U1, . . . , Un
iid∼ U(0, 1) observe that X1, . . . , Xn

d
= θU1, . . . , θUn and therefore

that X1

X(n)
, . . . , Xn

X(n)

d
= U1

U(n)
, . . . , Un

U(n)
. Hence Xi

X(n)
is ancillary for each i. Then by Basu’s

theorem Xi

X(n)
and X(n) are independent for each i.

4.2 Unbiased Estimators

Definition 4.4. An estimator δ : X → R of g(θ) is unbiased if Eθ[δ(X)] = g(θ) for all θ ∈ Θ.

Theorem 4.5. Define ∆ = {δ : δ is unbiased for g(θ) and Eθ[δ(X)2] <∞, ∀θ ∈ Θ} and
U = {U : U is unbiased for 0 and Eθ[U(X)2] < ∞, ∀θ ∈ Θ}. Then δ0 ∈ ∆ uniformly
minimizes variance across ∆ if and only if Covθ(δ0(X), U(X)) = 0 for all U ∈ U , θ ∈ Θ.
Such a δ0 is called a Uniformly Minimum Variance Unbiased Estimator (UMVUE).

Proof. Suppose δ0 is UMVUE. Then Varθ(δ0(X)) ≤ Varθ(δ(X)) for all δ ∈ ∆ and θ ∈ Θ.
Let U ∈ U . Then for all λ ∈ R, δ0 + λU ∈ ∆, and

Varθ(δ0(X)) ≤ Varθ(δ0(X) + λU(X)),

0 ≤ 2λCovθ(δ0(X), U(X)) + λ2Varθ(U(X)).

If Varθ(U(X)) = 0 then U is almost surely constant implying that Covθ(δ0(X), U(X)) = 0.
If Varθ(U(X)) > 0, choose

λ = −Covθ(δ0(X), U(X))

Varθ(U(X))
.
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Substituting this value of λ yields

−Covθ(δ0(X), U(X))2

Varθ(U(X))
≥ 0,

which is possible only if Covθ(δ0(X), U(X)) = 0.

Next suppose that Covθ(δ0(X), U(X)) = 0 for all U ∈ U , θ ∈ Θ. Then for any δ ∈ ∆,

Varθ(δ(X)) = Varθ(δ(X)− δ0(X) + δ0(X))

= Varθ(δ(X)− δ0(X)) + Varθ(δ0(X)) + 2Covθ(δ(X)− δ0(X), δ0(X)).

Since δ(X) − δ0(X) ∈ U the covariance term above is 0. Plugging this in we have that
Varθ(δ(X)) = Varθ(δ(X)− δ0(X)) + Varθ(δ0(X)) ≥ Varθ(δ0(X)).

Remark 4.6. While this theorem and proof may seem a bit unintuitive they are actually
products of a simple geometric fact. Fix a particular θ and observe that ∆ and U are
both affine subspaces of L2(Pθ). In particular U is a linear subspace (it passes through
0) and ∆ is just a translation of U . Moreover since every δ ∈ ∆ has the same mean,
minimizing variance across ∆ is the same as minimizing L2 norm (this follows from the Bias-
Variance decomposition of the norm). And since every U ∈ U has zero-mean, the statement
Cov(δ(X), U(X)) = 0 is equivalent to saying that δ and U are orthogonal in L2. Then we
can reframe this theorem as stating that the element of ∆ with minimum norm is the same
as the element of ∆ which is orthogonal to U . This may seem obscure but the picture below
should make this clear.
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Example 4.7. Let X be a discrete random variable on {−1, 0, 1, 2, . . . } such that P(X =
−1) = p and P(X = x) = (1− p)2px for x ≥ 0. Let p ∈ (0, 1). In the homework we will show
that the only functions which have a UMVUE are those of the form g(p) = a+ b(1− p)2 for
a, b ∈ R.

Example 4.8. Let X ∼ Binom(2, p). Observe that the expected value of any estimator
δ(X) will be a quadratic in p. Namely Epδ(X) = (1− p)2δ(0) + 2p(1− p)δ(1) + p2δ(2). This
implies that no unbiased estimator (and therefore no UMVUE) exists for g(p) not of this
form. For instance g(p) = p3 has no UMVUE.

13



5 Lecture 5

5.1 Rao-Blackwell

Theorem 5.1 (Rao–Blackwell). Let L(·, g(θ)) be a convex function for each value of θ. Let
T (X) be any sufficient statistic and δ(X) be any estimator such that Eθ|δ(X)| < ∞ and
R(θ, δ) = EθL(δ(X), g(θ)) < ∞. Define h(T ) = Eθ[δ(X) | T ]. Then R(θ, h) ≤ R(θ, δ)
(the inequality is strict if L(·, g(θ)) is strictly convex and δ(X) does not almost surely equal
h(T )).

Proof. This is just an application of Jensen’s inequality (the conditional form). In particular,

L(h(T ), g(θ)) = L(Eθ[δ(X) | T ], g(θ)) ≤ E[L(δ(X), g(θ)) | T ],

with the inequality being strict if the conditions in the latter part of the theorem hold.
Taking expectations on both sides yields the desired result.

Theorem 5.2 (Lehmann–Scheffé). Let T (X) be complete sufficient for θ. Let δ(X) be
an unbiased estimator of g(θ) with finite risk R(θ, δ) = EθL(δ(X), g(θ)). If L(·, g(θ)) is
convex then h(T ) = Eθ[δ(X) | T ] is unbiased and is a minimizer of R(θ, ·) among unbiased
estimators. If L(·, g(θ)) is strictly convex then h(T ) = Eθ[δ(X) | T ] is the unique minimizer
of R(θ, ·) (uniqueness holds up to almost sure equivalence with respect to Pθ).

Proof. Let δ̃(X) be any unbiased estimator of g(θ) and define h̃(T ) = Eθ[δ̃(X) | T ]. By the
tower law Eθh̃(T ) = Eθδ̃(X) = g(θ) so h̃(T ) is still unbiased (and the same holds for h(T )).
Then Eθ[h(T ) − h̃(T )] = 0 for all θ so completeness implies that h = h̃ [a.s. Pθ]. By the
previous theorem if L(·, g(θ)) is convex then R(θ, h̃) ≤ R(θ, δ̃). Since h = h̃ [a.s. Pθ] we have
that R(θ, h) ≤ R(θ, δ̃). Hence h(T ) is a minimizer of R(θ, ·) among unbiased estimators.
If L(·, g(θ)) is strictly convex the previous theorem implies that R(θ, h) < R(θ, δ̃) unless
δ̃ = h(T ) [a.s. Pθ]. Hence h(T ) is the unique minimizer.

Example 5.3. Let X1, . . . , Xn ∼ N (µ, σ2). A complete sufficient statistic is (X̄, σ̂) (the
sample mean and bias-corrected sample standard deviation). Suppose we want to find a
UMVUE for p such that P(X1 < p) = 3/4. In particular p = µ + σΦ−1(3/4). Then an
unbiased estimator of p is δ(X) = X̄ + σ̂Φ−1(3/4). Since this is a function of the complete
sufficient statistic, the previous theorem implies that δ is a UMVUE.

5.2 Cramer-Rao Lower Bound

Theorem 5.4 (Cramer-Rao). Assume that:

(a) Θ ⊂ R is an open interval.

(b) {pθ : θ ∈ Θ} have common support X .

(c) The derivatives p′θ(x) exist and are finite for all x ∈ X and θ ∈ Θ.

14



(d) The integral may be differentiated under the integral sign:

∂

∂θ

∫
X
pθ(x) dµ(x) =

∫
X

∂

∂θ
pθ(x) dµ(x).

Moreover,

I(θ) := Eθ

[(
∂

∂θ
log pθ(X)

)2
]
<∞.

This assumption implies that I(θ) = Varθ(
∂
∂θ

log pθ(X)).

(e) The integral may be twice differentiated under the integral sign:

∂2

∂θ2

∫
X
pθ(x) dµ(x) =

∫
X

∂2

∂θ2
pθ(x) dµ(x).

This implies that I(θ) = −Eθ[ ∂
2

∂θ2
log pθ(X)].

(f) T : X → R is an unbiased estimator of g(θ), and

∂

∂θ

∫
X
T (x)pθ(x) dµ(x) =

∫
X
T (x)

∂

∂θ
pθ(x) dµ(x).

Then Varθ(T (X)) ≥ g′(θ)2

I(θ)
.

Proof. Let

V =
∂

∂θ
log pθ(X) =

∂
∂θ
pθ(X)

pθ(X)
.

As noted above, the assumptions imply that Varθ(V ) = I(θ). Moreover,

Eθ[V ] =

∫
X

∂

∂θ
pθ(x)dµ(x) =

∂

∂θ

∫
X
pθ(x)dµ(x) =

∂

∂θ
1 = 0.

We also have that,

Covθ(V, T ) =

∫
X

∂

∂θ
pθ(x)T (x)dµ(x) =

∂

∂θ

∫
X
T (x)pθ(x)dµ(x) = g′(θ).

Then by Cauchy-Schwarz,

g′(θ)2 = Covθ(V, T )
2 ≤ Varθ(V )Varθ(T ) = I(θ)Varθ(T ).

Rearranging gives the desired bound.

Remark 5.5. Suppose that equality holds in the CRLB. Then the application of Cauchy-
Schwarz must have been an equality and therefore V must be linear in T (barring some
degenerate cases). That is

∂

∂θ
ln pθ(x) = a(θ)T (x) + b(θ).

Integrating and then exponentiating implies that

pθ(x) = eA(θ)T (x)+B(θ)h(x).

An exponential family!
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Remark 5.6. While the assumptions used for the Cramer-Rao lower bound seem strong,
they often hold. For example, see Lehmann and Casella [1, Theorem 1.5.8, p. 27] for a
general result about exponential families.
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6 Lecture 6

6.1 Cramer-Rao Lower Bound (Multi-Parameter Case)

Theorem 6.1 (Cramer-Rao). Assume that:

(a) Θ ⊂ Rk is open.

(b) {pθ : θ ∈ Θ} have common support X .

(c) The gradients ∇pθ(x) exist and are finite for all x ∈ X and θ ∈ Θ.

(d) The integral may be differentiated under the integral sign:

∇θ

∫
X
pθ(x) dµ(x) =

∫
X
∇θpθ(x) dµ(x).

(e) The integral may be twice differentiated under the integral sign:

∇2
θ

∫
X
pθ(x) dµ(x) =

∫
X
∇2
θpθ(x) dµ(x).

(f) δ : X → R is an unbiased estimator of g(θ), and

∇θ

∫
X
δ(x)pθ(x) dµ(x) =

∫
X
δ(x)∇θpθ(x) dµ(x).

(g) The Fisher information matrix

I(θ) := Eθ[−∇2
θ log pθ(X)]

is finite and positive definite.

Then Varθ(δ(X)) ≥ ∇θg(θ)
⊤I−1(θ)∇θg(θ).

Proof. Let ψi(x) = ∂
∂θi

ln pθ(x). Then Eψi(X) = 0 by assumption (d). Fix some α ∈ Rk

so that Eα⊤ψ = 0 (here ψ denotes the vector (ψ1, . . . , ψk)
⊤). Then by the assumptions

Var(α⊤ψ) = α⊤I(θ)α and

Cov(δ(X), α⊤ψ) = α⊤Eθ[δ(X)ψ] = α⊤
∫
X
δ(x)∇θpθ(x)dµ(x) = α⊤∇θg(θ).

Then by Cauchy-Schwarz

(α⊤∇θg(θ))
2 ≤ Varθ(δ(X))(α⊤I(θ)α) =⇒ sup

α

α⊤∇θg(θ)∇θg(θ)
⊤α

α⊤I(θ)α
≤ Varθ(δ(X)).

Applying the change of parameters α← I(θ)−1/2α, the lower bound becomes

Varθ(δ(X)) ≥ sup
α:∥α∥=1

α⊤ [I(θ)−1/2∇θg(θ)∇θg(θ)
⊤I(θ)−1/2

]
α

= λmax

(
I(θ)−1/2∇θg(θ)∇θg(θ)

⊤I(θ)−1/2
)
.
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Finally, using the fact that λmax(AB) = λmax(BA) if AB and BA are PSD, we have that

λmax

(
I(θ)−1/2∇θg(θ)∇θg(θ)

⊤I(θ)−1/2
)

= λmax

(
∇θg(θ)

⊤I(θ)−1∇θg(θ)
)

= ∇θg(θ)
⊤I(θ)−1∇θg(θ).

Remark 6.2. For the sake of completeness here is the proof of the fact that λmax(AB) =
λmax(BA) if AB and BA are PSD as it is not commonly known. Note that we assume that
the dimensions of A and B are such that AB and BA are well defined square matrices. Let
λ be a non-zero eigenvalue of AB with corresponding eigenvector v. Then ABv = λv which
implies BABv = λBv. Grouping terms we see that BA(Bv) = λ(Bv). We would like to
conclude that Bv is an eigenvector of BA with eigenvalue λ. To do this we must show that
Bv ̸= 0. But this must be the case else we would have ABv = 0 which violates the fact
that v is an eigenvector of AB with a non-zero eigenvalue. Hence λ is also an eigenvalue of
BA. A symmetric argument implies that any non-zero eigenvalue of BA is also one of AB.
Hence AB and BA share the same set of non-zero eigenvalues implying that their maximum
eigenvalue is the same.

Remark 6.3. The above proof can be generalized further to allow for multi-dimensional
estimators δ : X → Rd. In this case the bound becomes Varθ(δ(X)) ⪰ dg(θ)I−1(θ)dg(θ)⊤

where dg(θ) denotes the Jacobian matrix of g.

Example 6.4. LetX1, . . . , Xn
iid∼ N (µ, θ) for µ ∈ R and θ > 0. This family has log-likelihood

ln pµ,θ(x) = −
n

2
ln(2πθ)− 1

2θ

n∑
i=1

(xi − µ)2.

If we treat θ as known we can compute the CRLB for g(µ) = µ by first computing the
derivatives:

∂ ln pµ,θ(x)

∂µ
(x) =

1

θ

n∑
i=1

(xi − µ),
∂2 ln pµ,θ(x)

∂µ2
(x) = −n

θ
.

Then the CRLB is Var(δ(X)) ≥ θ
n
. If θ is unknown we must also compute:

∂2 ln pµ,θ(x)

∂µ∂θ
(x) = − 1

θ2

n∑
i=1

(xi − µ),
∂2 ln pµ,θ(x)

∂θ2
(x) =

n

2θ2
− 1

θ3

n∑
i=1

(xi − µ)2.

Taking expectations we find that the Fisher information matrix is I(µ, θ) =

(
n
θ

0
0 n

2θ2

)
.

We also compute ∇g(µ, θ) = (1, 0)⊤ where g(µ, θ) = µ. Then the CRLB takes the form
Var(δ(X)) ≥ (1, 0)I−1(µ, θ)(1, 0)⊤ = θ

n
. The bound is unchanged because the Fisher infor-

mation matrix happened to be diagonal. Such a Fisher information matrix is not common
(this is a handpicked example).
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Example 6.5. Let X ∼ Pois(λ) for λ > 0. The log likelihood is ln pλ(x) = −λ + x ln(λ)−
ln(x!). Then the Fisher information is

I(λ) = E
[
− ∂2

∂λ2
X ln(λ)− λ

]
= E

[
X

λ2

]
=

1

λ
.

The CRLB is Var(δ(X)) ≥ λ.

The following theorem characterizes how reparameterization affects the Fisher information.

Theorem 6.6. Let τ = h(θ) where h is invertible and differentiable. Then I(θ) = h′(θ)2I(τ).

Proof.

I(θ) = E

[(
∂

∂θ
log pθ(X)

)2
]
= E

[(
∂τ

∂θ

∂

∂τ
log pθ(X)

)2
]

=

(
∂τ

∂θ

)2

E

[(
∂

∂τ
log pθ(X)

)2
]
= h′(θ)2I(τ).
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7 Lecture 7

7.1 Average Case Optimality

Suppose X ∼ Pθ for some θ ∈ Θ. So far we have thought of θ non-stochastically. We will
now allow ourselves to think of θ as a random variable. In particular define a probability
measure π on Θ and think of θ ∼ π. Let δ(X) be an estimator for g(θ) where g : Θ → R,
δ : X → R. For each fixed θ, the frequentist risk is

R(θ, δ) = EX∼Pθ
L(δ(X), g(θ)).

When θ ∼ π, we can average this quantity with respect to θ to obtain the Bayes risk

r(π, δ) = Eθ∼πR(θ, δ).

If an estimator δπ minimizes r(π, δ), we call it a Bayes estimator.

In the so-called Bayesian framework π is usually called the prior distribution and the condi-
tional distribution of θ | X = x is usually called the posterior distribution. Suppose Pθ has
densities pθ with respect to a σ-finite dominating measure µ. Then the marginal density of
X is defined as pX(x) :=

∫
Θ
pθ(x)dπ(θ).

Theorem 7.1. if L(δ(X), g(θ)) = (δ(X)− g(θ))2 is the squared error loss function then the
posterior mean E[g(θ) | X] is a Bayes estimator for g(θ).

Proof. Let δ be an arbitrary estimator. Then

E[(δ(X)− g(θ))2] = E[(δ(X)− E[g(θ) | X] + E[g(θ) | X]− g(θ))2]
= E[(δ(X)− E[g(θ) | X])2] + EVar(g(θ) | X) + 0.

The expression above is uniquely minimized at δ(X) = E[g(θ) | X] (a.e. pX).

Proposition 7.2. δπ(X) = E[g(θ) | X] is not unbiased unless P(δπ(X) = g(θ)) = 1.

Proof. Suppose δπ was unbiased. Then E[δπ(X) | θ] = g(θ) for all θ. Then,

E[(δπ(X)− g(θ))2] = E[δ2π(X)] + E[g2(θ)]− 2E[δπ(X)g(θ)].

Since E[δπ(X)g(θ)] = E[δπ(X)E[g(θ) | X]] = E[δ2π(X)] the expression above equals

E[(δπ(X)− g(θ))2] = E[g2(θ)]− E[δ2π(X)].

Moreover since E[δπ(X)g(θ)] = E[g(θ)E[δπ(X) | θ]] = E[g(θ)2] we also have that

E[(δπ(X)− g(θ))2] = E[δ2π(X)]− E[g2(θ)].

Hence

E[(δπ(X)−g(θ))2] = E[g2(θ)]−E[δ2π(X)] = E[δ2π(X)]−E[g2(θ)] =⇒ E[(δπ(X)−g(θ))2] = 0.

So δπ(X) = g(θ) almost surely.
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One may ask when a Bayes estimator is unique. We have already seen that for the squared
error loss the posterior mean will be the unique Bayes estimator almost surely with respect
to the marginal. But when we talk about uniqueness we usually want it almost surely
with respect to Pθ for all θ. A sufficient condition for this is if the marginal dominates the
conditionals {Pθ : θ ∈ Θ}. When this does not hold the Bayes estimator may not be unique
as demonstrated in the following example.

Example 7.3. Let X ∼ Binom(n, θ) and θ ∼ π = Bern(1
2
). Then

P(θ = 1 | X) =
1[X = n]

1[X = n] + 1[X = 0]
.

Hence δπ(0) = 0 and δπ(n) = 1 and is arbitrary elsewhere. This is unique with respect to
the marginal distribution but not with respect the conditionals which put probability mass
on {0, n}c.
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8 Lecture 8

8.1 Minimaxity

In the previous lecture we saw how summarizing the risk R(θ, δ) as a single number allows
us to discuss optimality in a sensible way. The minimax framework takes a similar approach.
Instead of summarizing the risk using a prior, we consider the worst-case risk: supθ R(θ, δ).

Definition 8.1. δMM is minimax (MM) if supθ R(θ, δMM) = infδ supθ R(θ, δ). That is if it
achieves the best possible worst case risk.

Recall that if Λ is a prior on Θ, the Bayes risk of an estimator δ is

r(Λ, δ) = Eθ∼Λ[R(θ, δ)].

A Bayes estimator δΛ is any estimator that minimizes this quantity, and we write the optimal
Bayes risk as

r(Λ, δΛ) = inf
δ
r(Λ, δ) =: rΛ.

We often have many choices for the prior Λ, yielding many different optimal Bayes risks rΛ.
The prior with the largest optimal Bayes risk is called the least favorable prior.

Definition 8.2. A prior distribution Λ is least favorable (LF) if rΛ ≥ rΛ′ for all other priors
Λ′.

Least favorable priors allow us to connect the Bayesian and minimax frameworks.

Theorem 8.3. Let Λ be a prior distribution on Θ and suppose rΛ = supθ R(θ, δΛ). Then,

(i) δΛ is MM,

(ii) if δΛ is unique Bayes it is also unique MM,

(iii) Λ is LF.

Proof. Average risk cannot exceed worst-case risk. Indeed,

r(Λ, δ) = Eθ∼Λ[R(θ, δ)] ≤ Eθ∼Λ[sup
θ
R(θ, δ)] = sup

θ
R(θ, δ).

Now let δ be any estimator besides δΛ. Then we have that

sup
θ
R(θ, δΛ) = rΛ ≤ r(Λ, δ) ≤ sup

θ
R(θ, δ).

The first inequality follows from the definition of the Bayes risk. Hence δΛ is MM. If δΛ was
unique Bayes the first inequality above would be strict and we would therefore have that δΛ
is unique MM. Finally let Λ′ be any other prior. Then

rΛ′ ≤ r(Λ′, δΛ) ≤ sup
θ
R(θ, δΛ) = rΛ.

Hence Λ is LF.
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Corollary 8.4. If δΛ is Bayes for some Λ and R(θ, δΛ) is constant then δΛ is MM.

Example 8.5. Let X ∼ Binom(n, p) for p ∈ [0, 1]. In one of the homeworks we computed
that for the prior π = Beta(a, b) the posterior distribution of p | X is Beta(a+X,n−X+ b).
The Bayes estimator for the squared error loss is therefore δπ(X) = E[p | X] = a+X

a+b+n
. The

risk of δ is

R(p, δπ) = E

[(
a+X

a+ b+ n
− p
)2
]
=

E[(X − (a+ b+ n)p+ a)2]

(a+ b+ n)2

=
np(1− p) + (np− (a+ b+ n)p+ a)2

(a+ b+ n)2

=
[(a+ b)2 − n]p2 + [n− 2(a+ b)a]p+ a2

(a+ b+ n)2
.

To make R(p, δπ) constant in p we can set (a+b)2−n = 0 and n−2(a+b)a = 0. Solving this

system yields the solution a = b =
√
n/2. Hence a minimax estimator for p is δMM = X+

√
n/2

n+
√
n
.

Example 8.6. Let X1, . . . , Xn
iid∼ N (θ, σ2) for θ ∈ R unknown (and σ2 known). Consider

the prior π = N (µ, τ 2). The Bayes estimator (posterior mean) is δπ(X) = n/σ2

n/σ2+1/τ2
X̄ +

1/τ2

n/σ2+1/τ2
µ. As X̄ is unbiased, it cannot be a Bayes estimator for any prior. However

as τ 2 → ∞, δπ → X̄ pointwise. In fact one can show that as τ 2 → ∞ we have that
R(θ, δπ) → R(θ, X̄) = σ2

n
(a constant risk function). This suggests X̄ is MM but how can

we prove this? The following theorem allows us to prove such a result.

Definition 8.7. A sequence of priors {Λn}∞n=1 is called LF if for any prior Λ we have that
rΛ ≤ limn→∞ rΛn .

Theorem 8.8. Suppose that, for some estimator δ,

lim
n→∞

rΛn = sup
θ
R(θ, δ).

Then

(i) δ is MM,

(ii) {Λn}∞n=1 is LF.

Proof. Recall that for any prior Λ and any estimator δ, the inequality r(Λ, δ) ≤ supθ R(θ, δ)
always holds. Let δ′ be any estimator besides δ. Then

sup
θ
R(θ, δ) = lim

n→∞
rΛn ≤ lim sup

n→∞
{r(Λn, δ′)} ≤ lim sup

n→∞
{sup

θ
R(θ, δ′)} = sup

θ
R(θ, δ′).

Hence δ is MM. Now let Λ be any prior. Then

rΛ ≤ r(Λ, δ) ≤ sup
θ
R(θ, δ) = lim

n→∞
rΛn .

Hence {Λn}∞n=1 is LF.
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The theorems and methods above allow us to find minimax estimators in parametric classes.
Non-parametric classes can be a bit more challenging. One way of finding minimax estimators
in such large classes is to pass to a smaller sub-class and lift the minimax estimator back
into the original class. The following theorem makes this concrete.

Theorem 8.9. Suppose X ∼ F for some distribution F ∈ F . If δ is MM for g(F ) with
respect to a sub-class F0 ⊂ F and if

sup
F∈F0

R(F, δ) = sup
F∈F

R(F, δ)

then δ is also MM for g(F ) with respect to the original class F .

Proof. For any δ′,

sup
F∈F

R(F, δ) = sup
F∈F0

R(F, δ) ≤ sup
F∈F0

R(F, δ′) ≤ sup
F∈F

R(F, δ′).

Example 8.10. Let X1, . . . , Xn
iid∼ N (µ, σ2) for µ ∈ R and σ2 ∈ (0,M ] for M > 0. Write

ϑ = (µ, σ2), so the parameter space is Θ = R×(0,M ]. For the restricted class Θ0 = R×{M}
we already showed that X̄ is MM for estimating µ, with risk R(ϑ, X̄) = M

n
under squared

error loss. Then

sup
ϑ∈Θ

R(ϑ, X̄) = sup
ϑ∈Θ

σ2

n
=
M

n
= sup

ϑ∈Θ0

R(ϑ, X̄).

Hence X̄ is minimax by the previous theorem.

Example 8.11. Let X1, . . . , Xn
iid∼ N (µ, σ2) for µ ∈ R and σ2 > 0. Let the loss function be

L((µ, σ2), δ) = (δ − µ)2/σ2. For the restricted class Θ0 = R × {1} (i.e. where µ ∈ R and
σ2 = 1 is fixed) we have that X̄ is minimax. And for this loss function we have that

sup
(µ,σ2)∈Θ

R((µ, σ2), X̄) = sup
(µ,σ2)∈Θ

1

σ2
· σ

2

n
=

1

n
= sup

(µ,σ2)∈Θ0

R((µ, σ2), X̄).

Hence X̄ is minimax by the previous theorem.

Example 8.12. Let X1, . . . , Xn
iid∼ F where Var(F ) ≤ M . In this example the class of

measures we consider (all distributions with variance at mostM) is non-parametric. For the
sub-class Θ0 = {N (µ,M) : µ ∈ R} we have already proved that X̄ is minimax for EY∼F [Y ]
(for the squared error loss). Moreover the same proof from Example 8.10 above shows that
X̄ is minimax for the original class:

sup
F
R(F, X̄) = sup

F

Var(F )

n
=
M

n
= sup

µ
R(N (µ,M), X̄).
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9 Lecture 9

9.1 Admissibility

Admissibility is a fundamental concept in decision theory. An estimator is considered ad-
missible if no other estimator is uniformly better across the entire parameter space.

Definition 9.1. An estimator δ is inadmissible if there exists another estimator δ′ such that:

R(θ, δ′) ≤ R(θ, δ) ∀θ ∈ Θ

and there exists at least one θ0 ∈ Θ such that R(θ0, δ
′) < R(θ0, δ). An estimator is admissible

if it is not inadmissible.

If the loss function L(θ, ·) is strictly convex, the risk function uniquely identifies admissible
estimators.

Theorem 9.2. Suppose the mapping δ 7→ L(θ, δ) is strictly convex. If δ0 is admissible and
there exists δ′ such that R(θ, δ0) = R(θ, δ′) for all θ, then δ0 = δ′ a.e.

Proof. Define a midpoint estimator δ∗ = 1
2
(δ0 + δ′). Due to strict convexity, unless δ0 = δ′

a.e., the risk satisfies:

R(θ, δ∗) <
1

2
[R(θ, δ0) +R(θ, δ′)] = R(θ, δ0)

This inequality implies δ∗ is strictly better than δ0, which contradicts the assumption that
δ0 is admissible.

Lemma 9.3. Any unique Bayes estimator is admissible.

Proof. Note that unique here means unique with respect to Pθ for all θ. Suppose δΛ is the
unique Bayes estimator under a prior Λ. If it were not admissible, there would exist an
estimator δ′ such that R(θ, δ′) ≤ R(θ, δΛ) for all θ. This would imply that the integrated
Bayes risk r(Λ, δ′) ≤ r(Λ, δΛ), contradicting the fact that δΛ is the unique minimizer of the
Bayes risk.

Example 9.4. Let X ∼ Bin(n, p) for p ∈ [0, 1]. The estimator δ(X) = X+
√
n/2

n+
√
n

is minimax

for p under squared error loss. Recall that δ(X) is the Bayes estimator with respect to the
prior Λ = Beta(

√
n/2,

√
n/2). Note that marginally P(X = k) > 0 for all k ∈ {0, 1, . . . , n}.

This implies that the marginal dominates the conditionals and therefore that δ is unique
Bayes. Hence δ is unique minimax (by previous theorem) and admissible (by the previous
lemma).

9.2 Admissibility for the Normal Location Family

Consider the admissibility of the linear estimators δa,b(X) = aX̄ + b for X1, . . . , Xn
iid∼

N (θ, σ2) where σ2 > 0 is known.
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Theorem 9.5. Let Y be an estimator such that EθY = θ and VarθY = σ2. The linear
estimator δa,b = aY + b is inadmissible under squared error loss if any of the following hold:

(i) a > 1

(ii) a < 0

(iii) a = 1, b ̸= 0

Proof. For a constant c, write δc(X) ≡ c. The risk of δa,b is

R(θ, δa,b) = Eθ[aY + b− θ]2 = a2σ2 + [(a− 1)θ + b]2.

(i) If a > 1, then R(θ, δa,b) ≥ a2σ2 > σ2 = R(θ, Y ). Thus Y dominates δa,b.

(ii) If a < 0, then R(θ, δa,b) > [(a−1)θ+b]2 = (a−1)2( b
1−a−θ)

2 > ( b
1−a−θ)

2 = R(θ, δb/(1−a)).
The constant estimator δb/(1−a) is better.

(iii) If a = 1, b ̸= 0, then R(θ, δ1,b) = σ2 + b2 > σ2 = R(θ, Y ). Y dominates Y + b.

This theorem implies that δa,b(X) = aX̄ + b for X1, . . . , Xn
iid∼ N (θ, σ2) could only be

admissible in three cases:

(a) The first case is a ∈ (0, 1), b ∈ R. Under the prior π = N(µ, τ 2) we have seen that

δπ(X) = n/σ2

n/σ2+1/τ2
X̄ + 1/τ2

n/σ2+1/τ2
µ is a bayes estimator (in fact it is a unique bayes

estimator since the marginal dominates the conditionals). It turns out one can solve
the system of equations

n/σ2

n/σ2 + 1/τ 2
= a,

1/τ 2

n/σ2 + 1/τ 2
µ = b,

yielding a map (µ, τ 2) = (µ(a, b, σ2), τ 2(a, b, σ2)). So we can choose (µ, τ 2) so that
δπ = δa,b. Since δπ is unique Bayes this implies δa,b is admissible.

(b) The second case is a = 1, b = 0 (this corresponds to δa,b(X) = X̄). The next theorem
will show that the sample mean X̄ is admissible.

(c) The final case is a = 0, b ∈ R. That is δ(X) ≡ b for some b ∈ R. This estimator
achieves zero risk at θ = b. Conversely, any estimator which achieves zero risk at θ = b
must be constant almost surely. Hence the constant estimators must be admissible.

Theorem 9.6. Let X1, . . . , Xn
iid∼ N (θ, σ2) for θ ∈ R unknown (and σ2 > 0 known). Then

the sample mean X̄ is admissible for θ under the squared error loss.
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Proof (Blyth’s Method). Suppose X̄ is inadmissible. Then there exists δ′ such that R(θ, δ′) ≤
R(θ, X̄) = σ2

n
for all θ, with strict inequality for some θ′. Since R(θ, δ′) is finite, Theorem 1.5.8

of Lehmann and Casella [1, p. 27] implies that R(θ, δ′) is continuous in θ. In particular, the
same theorem tells us that Eθδ′(X)2 and Eθδ′(X) are continuous functions of θ so R(θ, δ′) =
Eθ[δ′(X)2] − 2θEθ[δ′(X)] + θ2 is continuous in θ as well. Then there exists ε > 0 and
θ0 < θ′ < θ1 such that R(θ, δ′) < σ2

n
− ε for all θ ∈ (θ0, θ1).

Now let Λτ = N (0, τ 2) and rτ = r(Λτ , δΛτ ) = 1
n/σ2+1/τ2

be the optimal Bayes risk corre-

sponding to Λτ . Then for all τ 2 > 0 we have that

σ2

n
− r(Λτ , δ′)
σ2

n
− rτ

=

1√
2πτ2

∫∞
−∞(σ

2

n
−R(θ, δ′))e−

θ2

2τ2 dθ

σ2

n
− 1

n/σ2+1/τ2

=
n(nτ 2 + σ2)

σ4
√
2πτ

∫ ∞

−∞

(
σ2

n
−R(θ, δ′)

)
e−

θ2

2τ2 dθ

≥ n(nτ 2 + σ2)

σ4
√
2πτ

∫ θ1

θ0

ε · e−
θ2

2τ2 dθ.

Now 0 ≤ εe−
θ2

2τ2 ↑ ε as τ 2 → ∞. Then by MCT
∫ θ1
θ0
ε · e−

θ2

2τ2 dθ ↑
∫ θ1
θ0
εdθ = ε(θ1 − θ0) as

τ 2 →∞. Since n(nτ2+σ2)

σ4
√
2πτ

→∞ as τ 2 →∞ we have that

lim
τ2→∞

σ2

n
− r(Λτ , δ′)
σ2

n
− rτ

=∞.

Then there exists a τ ⋆ such that
σ2

n
−r(Λτ⋆ ,δ

′)
σ2

n
−rτ⋆

> 1 =⇒ r(Λτ⋆ , δ
′) < rτ⋆ which contradicts the

definition of the optimal Bayes risk. Hence X̄ is admissible.

Lemma 9.7. If an admissible estimator has constant risk, it is minimax.

Proof. Let δ be admissible with constant risk C. If it were not minimax, there would exist δ′

such that supθ R(θ, δ
′) < supθ R(θ, δ) = C. This implies R(θ, δ′) < C for all θ, contradicting

the admissibility of δ.

This lemma implies that in the normal setting X̄ is minimax (which we already knew). The
lemma shows how admissibility can imply minimaxity. We can also prove a theorem for the
opposite direction.

Theorem 9.8. If an estimator is unique MM then it is admissible.

Proof. Let δ be unique MM. Suppose δ is not admissible. Then there exists another estimator
δ′ such that R(θ, δ′) ≤ R(θ, δ) for all θ. In particular this implies that supθ R(θ, δ

′) ≤
supθ R(θ, δ) which contradicts the fact that δ is unique MM.

We mentioned above that X̄ is unique MM in the normal setting. One way to show this is
as follows. If X̄ was not unique MM there would exist an estimator δ′ such that

sup
θ
R(θ, δ′) = sup

θ
R(θ, X̄) =

σ2

n
= R(θ, X̄).
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This implies that for all θ,
R(θ, δ′) ≤ R(θ, X̄).

Hence the inequality above must be an equality for all θ else X̄ would be inadmissible which
we know is not true. Since the squared error loss is strictly convex, we know that the risk
function uniquely identifies estimators. Hence R(θ, δ′) = R(θ, X̄) for all θ implies that δ′ = X̄
a.e. for all θ.

Lemma 9.9. Let Θ = [a, b] be a closed interval. Let the loss function L(θ, δ) satisfy
L(θ, δ) = 0 for δ = θ, L(θ, δ) > 0 for δ ̸= θ, and for any fixed θ be increasing as |θ − δ|
increases. Then any estimator δ such that Pθ[δ /∈ [a, b]] > 0 is inadmissible.

Proof. Consider the truncated estimator:

δ′ :=


a, if δ < a

δ, if δ ∈ [a, b]

b, if δ > b

This estimator δ′ dominates δ uniformly over Θ = [a, b] because it is always closer to any
θ ∈ [a, b] than the original δ was.

Example 9.10. For X1, . . . , Xn
iid∼ N (θ, σ2) where θ ∈ [a, b], the sample mean X̄ is neither

minimax nor admissible. The lemma above is enough to prove it is not admissible. In fact,
one can show that for δ′ defined as above R(θ, δ′) < σ2

n
for all θ ∈ [a, b]. By Lehmann and

Casella [1, Theorem 1.5.8, p. 27], R(θ, δ′) is continuous in θ and therefore

sup
θ∈[a,b]

R(θ, δ′) = R(θ0, δ
′) for some θ0 ∈ [a, b].

Hence,
sup
θ∈[a,b]

R(θ, δ′) = R(θ0, δ
′) < σ2

n
= sup

θ∈[a,b]
R(θ, X̄).

Hence X̄ is not minimax.
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10 Lecture 10

10.1 The James-Stein Estimator

Consider the problem of estimating θ ∈ R after observing Z ∼ N (θ, σ2) where σ2 > 0 is
known. We have previously seen that the estimator θ̂ = Z is UMVUE, unique minimax, and
admissible (later we will show that it is also the MLE). One can ask if the same holds in higher
dimensions. That is for the problem of estimating θ ∈ Rn after observing Z ∼ N (θ, σ2In)
where σ2 > 0 is known. Indeed θ̂ will still be UMVUE, minimax, and the MLE. Surprisingly,
it turns out that θ̂ = Z is inadmissible for n > 2. To prove this we will show that the James-
Stein estimator

θ̂JS =

(
1− (n− 2)σ2

∥Z∥2

)
Z

has uniformly better risk than θ̂. The difficulty in showing this comes from trying to calculate
the risk of θ̂JS. Stein’s clever idea was to find an unbiased estimator of the risk which could
be used to more easily calculate the risk of θ̂JS.

The model we will work with for the remainder of this lecture is Z ∼ N (θ, In) for θ ∈ Rn

unknown. We will work with the squared error loss function and corresponding risk function

R(θ, θ̂) = Eθ∥θ − θ̂∥2.

Lemma 10.1. The risk function can be expressed as

R(θ, θ̂) = −n+ Eθ∥Z − θ̂∥2 + 2
n∑
i=1

Covθ(Zi, θ̂i).

Proof. Observe that

∥Z − θ̂∥2 = ∥Z − θ + θ − θ̂∥2 = ∥Z − θ∥2 + ∥θ − θ̂∥2 + 2⟨Z − θ, θ − θ̂⟩. (3)

Since ∥Z − θ∥2 ∼ χ2
n we have that Eθ∥Z − θ∥2 = n. Since Z − θ is zero mean we also have

that

Eθ[⟨Z − θ, θ − θ̂⟩] = Tr(Eθ[(Z − θ)(θ − θ̂)⊤]) = Tr(Covθ(Z,−θ̂)) = −
n∑
i=1

Cov(Zi, θ̂i).

Then taking expectations on both sides of (3) and re-arranging gives the desired result.

Using this lemma we can get a bit closer to constructing an unbiased estimator of the risk.
All we need now is an unbiased estimator of Covθ(Zi, θ̂i) since −n + Eθ∥Z − θ̂∥2 can be
unbiasedly estimated by −n + ∥Z − θ̂∥2. To estimate the covariance we will require Stein’s
famous lemma. We will start by proving the univariate version.

Lemma 10.2 (Stein). Let Z ∼ N (0, 1) and h : R → R be absolutely continuous. Then if
E|h′(Z)| <∞ we have that E[Zh(Z)] = E[h′(Z)].
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Proof. A common pseudo-proof of this result uses integration by parts:∫ ∞

−∞
h′(z)φ(z) dz = h(z)φ(z)

∣∣∣∞
−∞
−
∫ ∞

−∞
h(z)φ′(z) dz

= −
∫ ∞

−∞
h(z)φ′(z) dz

=

∫ ∞

−∞
h(z)zφ(z) dz.

The last step uses the fact that the derivative of the standard normal density satisfies φ′(z) =
−zφ(z). The reason this is only a pseudo-proof is that one must verify

lim
|z|→∞

h(z)φ(z) = 0.

This turns out to follow from the assumption E|h′(Z)| < ∞. However, instead of finishing
the proof in this manner we will take a more direct approach used by Stein in 1981.

WLOG set h(0) = 0 (think about why this is valid). By Fubini we have that∫ ∞

0

h′(z)φ(z) dz =

∫ ∞

0

∫ ∞

z

−φ′(y)h′(z) dy dz

=

∫ ∞

0

∫ y

0

−φ′(y)h′(z) dz dy

=

∫ ∞

0

−φ′(y)h(y) dy =

∫ ∞

0

yφ(y)h(y) dy.

Note that Fubini applies here because∫ ∞

0

∫ ∞

z

|φ′(y)h′(z)| dy dz =
∫ ∞

0

∫ ∞

z

yφ(y)|h′(z)| dy dz

=

∫ ∞

0

φ(z)|h′(z)| dz = E|h′(Z)| <∞.

Repeating the above for (−∞, 0) and adding yields the desired result.

We can now readily generalize Stein’s lemma to the following case:

Lemma 10.3 (Stein). Let Z ∼ N (θ, σ2) and h : R→ R be absolutely continuous. Then if
E|h′(Z)| <∞ we have that E[(Z − θ)h(Z)] = σ2E[h′(Z)].

Proof. Observe that Y = (Z − θ)/σ ∼ N (0, 1). Then letting f(y) = h(σy + θ) we have that

E[(Z − θ)h(Z)] = σE[Y f(Y )] = σE [f ′(Y )] = σ2E[h′(σY + θ)] = σ2E[h′(Z)].

where the second equality follows from the version of Stein’s lemma proved above.

Before further generalizing Stein’s lemma to the multivariate case, it is useful to discuss the
concept of almost differentiability.
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Definition 10.4. A function h : Rn → R is almost differentiable if there exists a function
∇h : Rn → Rn such that for every z ∈ Rn,

h(x+ z)− h(x) =
∫ 1

0

z⊤∇h(x+ tz) dt,

for almost every x ∈ Rn.

Remark 10.5. Notice that if h is differentiable, its gradient would satisfy the condition on
∇h. Moreover, an important implication of the definition is that if h is almost differentiable,
the functions hi(z) = h(x1, . . . , xi−1, z, xi+1, . . . , xn) defined by fixing all but the ith input to
h are absolutely continuous (for a.e. choice of the fixed inputs).

Theorem 10.6 (Multivariate Stein’s Lemma). Let Z ∼ N (0, In) and h : Rn → R be almost
differentiable. If E|(∇h(Z))i| <∞ for i = 1, . . . , n then E[Zh(Z)] = E[∇h(Z)].

Proof. Fix an i ∈ {1, . . . , n}. Then by the univariate Stein’s lemma

E[Zih(Z) | Z−i] = E
[
∂h(Z)

∂Zi

∣∣∣Z−i

]
= E[(∇h(Z))i | Z−i].

Taking expectations on both sides yields the desired result.
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11 Lecture 11

11.1 The James-Stein Estimator (Continued)

Recall that we were trying to estimate Covθ(Zi, θ̂i) = Eθ[(Zi − θi)θ̂i]. By the multivariate
version of Stein’s lemma proved in the previous lecture, we have that

Covθ(Zi, θ̂i) = Eθ

[
∂θ̂i
∂Zi

(Z)

]
.

Recalling that the risk can be expressed as R(θ, θ̂) = −n+Eθ∥Z − θ̂∥2 +2
∑n

i=1Covθ(Zi, θ̂i)
we can now define Stein’s unbiased risk estimator (SURE):

SURE(θ̂) = −n+ ∥Z − θ̂∥2 + 2
n∑
i=1

∂θ̂i
∂Zi

(Z).

The key property of SURE is that Eθ[SURE(θ̂)] = R(θ, θ̂). Let us compute SURE for the

James-Stein estimator θ̂JS =
(
1− n−2

∥Z∥2

)
Z. We start by computing the partial derivatives

∂(θ̂JS)i
∂Zi

=
∂

∂Zi

(
1− n− 2

∥Z∥2

)
Zi =

(
1− n− 2

∥Z∥2

)
+

2(n− 2)Z2
i

∥Z∥4
.

Then plugging this into the definition of SURE we find that

SURE(θ̂JS) = −n+
(n− 2)2

∥Z∥2
+ 2n

(
1− n− 2

∥Z∥2

)
+ 2

n∑
i=1

2(n− 2)Z2
i

∥Z∥4

= n+
(n− 2)2

∥Z∥2
− 2n(n− 2)

∥Z∥2
+

4(n− 2)

∥Z∥2

= n− (n− 2)2

∥Z∥2
.

To make sense of this recall that the risk of the MLE is R(θ, Z) = n. Then we have that

R(θ, θ̂JS) = Eθ
[
n− (n− 2)2

∥Z∥2

]
< n = R(θ, Z).

This immediately implies that θ̂ = Z is inadmissible. Moreover, for θ = 0 it is actually
possible to compute Eθ=0[

1
∥Z∥2 ] =

1
n−2

. This implies

R(0, θ̂JS) = Eθ=0

[
n− (n− 2)2

∥Z∥2

]
= n− (n− 2) = 2≪ n.

So at θ = 0 the risk of θ̂JS may be significantly smaller than that of θ̂. For θ with large
norms, one can show that θ̂JS does not beat θ̂ by a significant margin.
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11.2 Bayesian Interpretation of the James-Stein Estimator

The following is due to Efron in 1973. Let θi
iid∼ N (0, τ 2) and Zi | θi ∼ N (θi, 1). One can

show that the Bayes estimator (for the loss L(θ, δ) = ∥θ − δ∥2) is

E[θ | Z] =
(
1− 1

1 + τ 2

)
Z.

Let us now take the Empirical Bayesian approach. That is we will now try to estimate τ 2

from the data. To do this observe that marginally Zi
iid∼ N (0, 1 + τ 2). Hence 1 + τ 2 can be

estimated by 1
n

∑n
i=1 Z

2
i = ∥Z∥2

n
. One can even show that n−2

∥Z∥2 is an unbiased estimator of
1

1+τ2
. Plugging this into the Bayes estimator we get the estimator(

1− n− 2

∥Z∥2

)
Z.

We have successfully recovered the James-Stein estimator. This demonstrates how the
James-Stein estimator naturally arises from a prior belief that the components of θ are
all distributed near 0.
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12 Lecture 12

12.1 Karlin’s Theorem

Recall our discussion about the admissibility of the sample mean for the normal location
family (Lecture 9). In that discussion we proved admissibility for a larger class of linear
estimators of the form aX̄ + b. Karlin’s theorem gives a very general sufficient condition for
the admissibility of such estimators. An interesting open problem is whether this condition
is also necessary for admissibility.

Theorem 12.1. Let pθ(x) = exp(θT (x)−B(θ))h(x) be an exponential family whose param-
eter space takes the form of an open interval Θ = (θl, θu) ⊆ R (note that we allow θl = −∞
and θu =∞). Let

δc,d(X) =
T (X)

1 + c
+

cd

1 + c
.

for c ≥ 0 and d ∈ R. If there exists θ0 ∈ Θ such that∫ θu

θ0

exp(−cdθ + cB(θ)) dθ =∞ and

∫ θ0

θl

exp(−cdθ + cB(θ)) dθ =∞

then δc,d is admissible for estimating g(θ) = Eθ[T (X)] = B′(θ) with respect to the squared
error loss.

Example 12.2. Let X ∼ Binom(n, θ) for θ ∈ (0, 1). Then

p(x) =

(
n

x

)
px(1− p)n−x = exp

(
x

n
· n ln

(
p

1− p

)
− n ln

(
1

1− p

))(
n

x

)
which is an exponential family with T (x) = x/n, θ(p) = n ln

(
p

1−p

)
, and B(θ) = n ln

(
1

1−p

)
=

n ln(eθ/n + 1). This implies that the natural parameter space is Θ = {θ(p) : p ∈ (0, 1)} =
(−∞,∞). Then to apply Karlin’s theorem we must choose a θ0 and compute the corre-
sponding integrals. Using θ0 = 0 we try to compute∫ ∞

0

exp(−cdθ + cB(θ)) dθ =

∫ ∞

0

e−cdθ(1 + eθ/n)cn dθ.

Clearly the above is infinite for c = 0. A similar observation shows that
∫ 0

−∞ e−cdθ(1 +

eθ/n)cn dθ =∞ for c = 0. Hence Karlin’s theorem implies that δ0,d = T (X) is admissible for
estimating ET (X) = p. Moreover if c > 0 and 0 ≤ d ≤ 1 we have that∫ ∞

0

e−cdθ(1 + eθ/n)cn dθ ≥
∫ ∞

0

e−cdθecθ dθ =

∫ ∞

0

ecθ(1−d) dθ =∞

and that ∫ 0

−∞
e−cdθ(1 + eθ/n)cn dθ ≥

∫ 0

−∞
e−cdθ dθ =∞.

Hence by Karlin’s theorem δc,d(X) = T (X)
1+c

+ cd
1+c

is admissible for c ≥ 0 and 0 ≤ d ≤ 1.
Equivalently, aT (X) + b is admissible for a, b ≥ 0 and a+ b ≤ 1.
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We now give the proof of Karlin’s theorem.

A similar proof appears in Lehmann and Casella [1, Theorem 5.2.14, pp. 331–333].

Proof. Let g(θ) = EθT (X) = B′(θ). Also recall that for exponential families Varθ T (X) =
B′′(θ) = I(θ). Let δ(X) be an arbitrary estimator and define its bias bδ(θ) = E[δ(X)− g(θ)].
Then

Eθ[(δ(X)− g(θ))2] = bδ(θ)
2 +Varθ(δ) ≥ bδ(θ)

2 +
(b′δ(θ) + g′(θ))2

I(θ)

where the last inequality follows from the CRLB. Now suppose δc,d is inadmissible for some
c and d. Then there exists δ0 such that

Eθ[(δc,d(X)− g(θ))2] ≥ Eθ[(δ0(X)− g(θ))2]

with the inequality being strict for at least one θ. Moreover since δc,d is linear in T (X) it
achieves the CRLB. That is,

Eθ[(δc,d(X)− g(θ))2] = bc,d(θ)
2 +

(b′c,d(θ) + g′(θ))2

I(θ)
.

Hence,

bc,d(θ)
2 +

(b′c,d(θ) + g′(θ))2

I(θ)
≥ b0(θ)

2 +
(b′0(θ) + g′(θ))2

I(θ)
.

Letting h(θ) = b0(θ)− bc,d(θ) the above reduces to

h2(θ) + 2h(θ)bc,d(θ) +
2h′(θ)b′c,d(θ)

I(θ)
+

2h′(θ)g′(θ)

I(θ)
+
h′(θ)2

I(θ)
≤ 0

which implies that

h2(θ) + 2h(θ)bc,d(θ) +
2h′(θ)b′c,d(θ)

I(θ)
+

2h′(θ)g′(θ)

I(θ)
≤ 0.

Since bc,d(θ) = E[δc,d(X) − g(θ)] = g(θ)
1+c

+ cd
1+c
− g(θ) = c

1+c
(d − g(θ)) and g′(θ) = I(θ) the

inequality above can be simplified further yielding,

h2(θ) +
2c

1 + c
h(θ)(d− g(θ)) + 2h′(θ)

1 + c
≤ 0.

Now define F (θ) = h(θ)ecdθ−cB(θ). Then F satisfies

F 2(θ)e−cdθ+cB(θ) +
2

1 + c
F ′(θ) = ecdθ−cB(θ)

[
h2(θ) +

2c

1 + c
h(θ)(d− g(θ)) + 2h′(θ)

1 + c

]
≤ 0.

Then this implies that

d

dθ
F (θ)−1 = −F

′(θ)

F 2(θ)
≥ 1 + c

2
e−cdθ+cB(θ) > 0

35



for θ such that F (θ) ̸= 0. Now suppose F (θ0) < 0. Then the above implies that F is
decreasing so that for all θ ≥ θ0, F (θ) < 0. Then

−F (θ0)−1 ≥ F (θ)−1 − F (θ0)−1 =

∫ θ

θ0

−F
′(θ)

F 2(θ)
dθ ≥ 1 + c

2

∫ θ

θ0

e−cdθ+cB(θ) dθ →∞

which is impossible since F (θ0) is finite. Hence F (θ0) ≥ 0. A symmetrical argument (for
θ → −∞) implies that F (θ0) ≤ 0. Hence F (θ0) = 0. Since this holds for every θ0 (if the
integrals given in the theorem are infinite for one θ0 they must be infinite for every θ0) this
implies that F (θ) ≡ 0. Then h(θ) ≡ 0 which implies that bc,d(θ) = b0(θ). Returning to the
start of this argument we must therefore have that

bc,d(θ)
2 +

(b′c,d(θ) + g′(θ))2

I(θ)
= Eθ[(δc,d(X)− g(θ))2]

= Eθ[(δ0(X)− g(θ))2]

= b0(θ)
2 +

(b′0(θ) + g′(θ))2

I(θ)
.

This contradicts the fact that Eθ[(δc,d(X) − g(θ))2] > Eθ[(δ0(X) − g(θ))2] for at least one
θ.

Example 12.3. Suppose θl = −∞ and θu =∞ in the statement of Karlin’s theorem. Then
T (X) is admissible for EθT (X). To see why plug in c = 0 to the integrals given in the
theorem. They become ∫ ∞

θ0

1 dθ and

∫ θ0

−∞
1 dθ

which are always infinite.
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13 Lecture 13

13.1 Asymptotics

We will work in the following setup. Let X1, . . . , Xn
iid∼ Pθ for some θ ∈ Θ. Assume that

{Pθ : θ ∈ Θ} are probability measures on R which are dominated by some σ-finite measure
µ. Let pθ(x) =

dPθ

dµ
(x) and define the likelihood of θ given X1, . . . , Xn as

L(θ | X) =
n∏
i=1

pθ(Xi).

The likelihood function will play a central role in the asymptotic theory.

Definition 13.1. Let δn(X1, . . . , Xn) be an estimator for g(θ). We say δn is consistent if

δn
p→ g(θ) under the law P⊗n

θ for all θ ∈ Θ.

Example 13.2. Let X1, . . . , Xn
iid∼ Bern(θ) for θ ∈ (0, 1). Let g(θ) be the function defined

by

g(θ) =

{
1 if θ ∈ Q
0 if θ /∈ Q

.

Then there does not exst a consistent sequence of estimators for g(θ). We omit the proof as
it involves some fairly obscure results from analysis.

Definition 13.3. A global maximizer of the likelihood function is called an MLE (An MLE
may not exist and may not be unique).

Lemma 13.4. Assume

(A0) The model is identifiable: θ1 ̸= θ2 =⇒ Pθ1 ̸= Pθ2 ,

(A1) The densities {pθ : θ ∈ Θ} have common support.

Then for all θ ̸= θ0, P⊗n
θ0

(L(θ0 | X) > L(θ | X))→ 1.

Proof. Observe that

P⊗n
θ0

(L(θ0 | X) > L(θ | X)) = P⊗n
θ0

(
1

n

n∑
i=1

ln

(
pθ0(Xi)

pθ(Xi)

)
> 0

)
.

By the LLN, 1
n

∑n
i=1 ln

(
pθ0 (Xi)

pθ(Xi)

)
p→ KL(Pθ0 ,Pθ) > 0 (the KL is non-zero because the model

is identifiable). Hence,

P⊗n
θ0

(
1

n

n∑
i=1

ln

(
pθ0(Xi)

pθ(Xi)

)
> 0

)
→ 1.

Note that if KL(Pθ0 ,Pθ) = ∞ one can show that the convergence in probability still holds

(i.e. that 1
n

∑n
i=1 ln

(
pθ0 (Xi)

pθ(Xi)

)
p→∞) since Eθ0

[
ln
(
pθ0 (X)

pθ(X)

)−]
≤ 1 <∞.
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Corollary 13.5. Suppose (A0)–(A1) hold and that |Θ| < ∞. Then if θ̂n is an MLE,
P⊗n
θ0

(θ̂n = θ0)→ 1.

Proof. Since Θ is finite,

P⊗n
θ0

(L(θ0 | X) ≤ max
θ ̸=θ0

L(θ | X)) ≤
∑
θ ̸=θ0

P⊗n
θ0

(L(θ0 | X) ≤ L(θ | X))→
∑
θ ̸=θ0

0 = 0

where the inequality follows from the union bound. Since θ̂n = θ0 on the complement of the
event considered above we have that P⊗n

θ0
(θ̂n = θ0)→ 1.

Theorem 13.6. Suppose (A0)–(A1) hold and that

(A2) θ0 is an interior point of Θ ⊆ R,

(A3)′ The function ln(pθ(x)) is continuously differentiable in an interval about θ0 (for all x).

Let ℓn(θ | X) =
∑n

i=1 ln pθ(Xi). Then the equation ∂
∂θ
ℓn(θ | X) = 0 has a root θ̂n with

probability tending to one such that θ̂n
p→ θ0 with respect to the law P⊗n

θ0
.

Proof. Fix δ > 0 small enough so that [θ0 − δ, θ0 + δ] ⊂ Θ and ln(pθ(x)) is continuously
differentiable in this neighborhood. For ε < δ the earlier lemma implies

P⊗n
θ0

(ℓn(θ0) > max{ℓn(θ0 − ε), ℓn(θ0 + ε)})→ 1.

Let An = {ℓn(θ0) > max{ℓn(θ0 − ε), ℓn(θ0 + ε)}}. Then on An there exists θ̂n(ε) which is a
maximizer of ℓn|[θ0−ε,θ0+ε] (i.e the restriction of ℓn to [θ0−ε, θ0+ε]) and which is not achieved

at the boundary of [θ0 − ε, θ0 + ε]. Hence on An we must have that |θ̂n(ε) − θ0| < ε and
ℓ′n(θ̂n(ε)) = 0. Now let θ̂n be the closest root of ℓ′n(θ) to θ0. The above argument implies
that

P⊗n
θ0

(An) ≤ P⊗n
θ0

(|θ̂n − θ0| < ε)→ 1.

Hence θ̂n
p→ θ0 with respect to the law P⊗n

θ0
.

One may wonder why θ̂n is measurable. To see why observe that by assumption (A3), ℓ′n is
continuous. Then for any closed interval I, the event that ℓ′n has a root in I is

R(I) :=

{
inf

θ∈I∩Q
|ℓ′n(θ | X)| = 0

}
,

which is measurable since the infimum of a countable set of measurable functions is again
measurable. Let D be the distance from θ0 to the closest root:

D = inf{r ∈ Q+ | R([θ0 − r, θ0 + r]) occurs}

Notice that this is once again an infimum over a countable set of measurable functions (i.e.
those of the form r1R([θ0−r,θ0+r]) +∞1R([θ0−r,θ0+r])c) so D is a measurable random variable
taking values in [0,∞]. If D <∞, continuity implies the closest root is achieved at θ0+D or
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θ0−D. Let E be the measurable event that θ0+D is a root, i.e., E = {ℓ′n(θ0+D | X) = 0}.
Then we have:

θ̂n =


∞ if D =∞
θ0 +D if D <∞ and E occurs

θ0 −D if D <∞ and Ec occurs.

Since θ̂n is constructed entirely from measurable variables and events, it is measurable. Note
that there are some subtleties with the decomposition above. It assumes that if there are
two closest roots (i.e. a tie) θ̂n chooses the larger one and if there are no roots θ̂n =∞.

Remark 13.7. Note that θ̂n is not an estimator. This is because there may be multiple
possible roots and the correct choice depends on θ0. Also θ̂n may not be an MLE. This is
because roots are not necessarily global maximizers.

Corollary 13.8. Suppose (A0)–(A2), (A3)′ hold and ℓ′n has a unique root θ̂n. Then θ̂n
p→ θ0.

Moreover if we assume that Θ takes the form of an interval and that ln(pθ(x)) is everywhere
continuously differentiable, we have that P⊗n

θ0
(θ̂n = MLE)→ 1.

Proof. The fact that θ̂n
p→ θ0 is immediate from the previous theorem. For the second part,

suppose that θ̂n is not a global maximizer (with probability converging to 1). From the proof
of the previous theorem, we know that θ̂n will be a local maximum of ℓn in an ε-neighborhood
of θ0 (with probability converging to 1). Since we assumed θ̂n is not a global maximizer,
this implies there exists a local minimum between θ̂n and the true global maximizer. This
would imply the existence of a second root which is a contradiction. Hence we must have
P⊗n
θ0

(θ̂n = MLE)→ 1.

Note that we cannot drop the assumption that Θ is an interval for the latter result. A proof
can be found here.
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14 Lecture 14

14.1 Asymptotics (Continued)

In this lecture we will slightly strengthen assumption (A3)′ from the previous lecture. In
particular we will prove the following theorem.

Theorem 14.1. Suppose that (A0)–(A2) hold and that

(A3) ln(pθ(x)) is three times differentiable in an interval about θ0 (for all x) and there exists
a δ > 0 and a function Mθ0(x) such that for all θ ∈ (θ0 − δ, θ0 + δ),∣∣∣∣ ∂3∂θ3 ln pθ(x)

∣∣∣∣ ≤Mθ0(x)

with Eθ0Mθ0(X) <∞,

(A4)
∫
pθ(x)dµ(x) can be twice differentiated under the integral sign and the first and second

order definitions of the Fisher information agree and satisfy 0 < I(θ0) <∞.

Then any consistent sequence of roots θ̂n of ℓ′n(θ | X) satisfies,

√
n(θ̂n − θ0)

d→ N (0, I(θ0)
−1)

Proof. Define the event An = {|θ̂n− θ0| < δ}. Since θ̂n is consistent we have that P(An)→ 1
as n→∞. Place ourselves on this event. By Taylor’s theorem we have that

ℓ′n(θ̂n) = 0 = ℓ′n(θ0) + (θ̂n − θ0)ℓ′′n(θ0) +
(θ̂n − θ0)2

2
ℓ′′′n (ξn)

for some ξn between θ0 and θ̂n. Moreover on An we have that,∣∣∣∣ℓ′′′n (ξn)n

∣∣∣∣ =
∣∣∣∣∣ 1n

n∑
i=1

[
∂3

∂θ3
ln pθ(Xi)

]
θ=ξn

∣∣∣∣∣ ≤ 1

n

n∑
i=1

Mθ0(Xi)
p→ Eθ0Mθ0(X) <∞.

Hence ℓ′′′n (ξn)
n

= Op(1) which implies that

0 =
1

n
ℓ′n(θ0) + (θ̂n − θ0)

ℓ′′n(θ0)

n
+

(θ̂n − θ0)2

2
Op(1) =⇒

√
n(θ̂n − θ0) =

− 1√
n
ℓ′n(θ0)

ℓ′′n(θ0)
n

+ (θ̂n−θ0)
2

Op(1)
.

Since θ̂n is consistent we have that (θ̂n−θ0) = op(1) and therefore that the term (θ̂n−θ0)
2

Op(1)

in the denominator above is also op(1). Moreover the LLN implies that ℓ′′n(θ0)
n

p→ −I(θ0) and
the CLT implies that 1√

n
ℓ′n(θ0)

d→ N (0, I(θ0)). Then by Slutsky’s theorem we have that

√
n(θ̂n − θ0)

d→ N (0, I(θ0)) ·
1

I(θ0)
= N (0, I(θ0)

−1).
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Remark 14.2. The CRLB gives Varθ(θ̂n) ≥
( ∂
∂θ

Eθ θ̂n(X))2

nI(θ)
. Suppose that Eθθ̂n(X) ≈ θ. Then

the CRLB gives Varθ(θ̂n) ≳ 1
nI(θ)

which implies that Varθ(
√
n(θ̂n − θ)) ≳ 1

I(θ)
.

Definition 14.3. We say an estimator θ̂n is asymptotically efficient if
√
n(θ̂n − θ0)

d→
N (0, I(θ0)

−1) for all θ0 ∈ Θ.

Example 14.4. Let X1, . . . , Xn
iid∼ N (θ0, 1) and Θ = R. The MLE in this model is X̄ and

it is easy to verify that √
n(X̄ − θ0) ∼ N (0, 1).

One can also check that I(θ) ≡ 1. Hence the MLE is asymptotically efficient (in fact it is
efficient in finite samples).

Asymptotic efficiency is not necessarily the best measure of an estimator’s optimality. Con-
sider the following example due to Hodges.

Example 14.5 (Hodges’ Estimator). Let X1, . . . , Xn
iid∼ N (θ0, 1) and define the estimator

δn(X) =

{
X̄ if |X̄| > n− 1

4 ,

0 if |X̄| ≤ n− 1
4 .

Let Zn =
√
n(X̄ − θ0) ∼ N (0, 1). Then

Pθ0(|X̄| ≤ n−1/4) = Pθ0
(
−n1/4 −

√
n θ0 < Zn < n1/4 −

√
n θ0

)
= Φ(n1/4 −

√
n θ0)− Φ(−n1/4 −

√
n θ0).

If θ0 > 0 the expression above converges to Φ(−∞) − Φ(−∞) = 0 − 0 = 0. If θ0 < 0 the
expression converges to Φ(∞) − Φ(∞) = 1 − 1 = 0. If θ0 = 0 the expression converges to
Φ(∞)−Φ(−∞) = 1− 0 = 1. Hence for θ0 ̸= 0, δn(X) = X̄ with probability converging to 1
and for θ0 = 0, δn(X) = 0 with probability converging to 1. Then it is not hard to see that

√
n(δn(X)− θ0)

d→ N (0, 1) if θ0 ̸= 0
√
n(δn(X)− θ0)

d→ N (0, 0) if θ0 = 0.

Hence Hodges’ estimator has strictly better asymptotic variance than the MLE (albeit only
at θ0 = 0). However this does not capture the whole story. Intuitively Hodges’ estimator is
sacrificing performance near θ0 = 0 in exchange for better performance at θ0 = 0. One can
perform a local asymptotic analysis (LAA) to see this more clearly. A more informal way to
see this is to compare the sup risks of the estimators. For the MLE we get that

sup
θ∈R

Eθ(X̄ − θ)2 =
1

n

while for Hodges’ estimator we get that

sup
θ∈R

Eθ(δn(X)− θ)2 ≥ Eθ=n−1/4(δn(X)− n−1/4)2 ≥ (n−1/4)2Pθ=n−1/4(|X̄| ≤ n− 1
4 ) ∼ 1

2
√
n
.

Since 1
n
≪ 1

2
√
n
we see that Hodges’ estimator has worse sup risk.
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15 Lecture 15

15.1 Le Cam’s Theorem and Newton-Raphson Update

Theorem 15.1 (Le Cam’s Theorem). Suppose assumptions (A0)–(A2), (A4) hold and

(A3)′′ pθ(x) is twice differentiable in a neighborhood of θ0, and there exists a δ > 0 and a
function Mθ0(x) such that

sup
θ:|θ−θ0|<δ

∣∣∣∣ ∂2∂θ2 ln pθ(x)
∣∣∣∣ ≤Mθ0(x)

and Eθ0Mθ0(X) <∞.

Suppose that δn is an estimator satisfying

√
n(δn(X)− θ0)

d→ N (0, ν(θ0))

for all θ0 ∈ Θ. Then the set {θ ∈ Θ : ν(θ) < I(θ)−1} has Lebesgue measure 0.

Proof. The proof will be given next semester.

Remark 15.2. Assumptions (A0)–(A4) hold for most one-parameter exponential families.
For example to verify (A3) notice that if pθ(x) = eT (x)θ−B(θ)h(x), then ∂3

∂θ3
ln pθ(x) = −B′′′(θ),

which is bounded on compact sets.

Suppose you want to solve for θ such that g(θ) = 0 given an initial guess θ0. Suppose
g(θ1) = 0. Then

g(θ1) = 0 ≈ g(θ0) + g′(θ0)(θ1 − θ0) =⇒ θ1 ≈ θ0 −
g(θ0)

g′(θ0)

This gives rise to the Newton-Raphson update step: θ1 = θ0 − g(θ0)
g′(θ0)

.

Theorem 15.3. Assume (A0)–(A4) hold. Let θ̃n be a
√
n-consistent estimator under Pθ0 ,

i.e.,
√
n(θ̃n − θ0) = Op(1). Define δn = θ̃n − ℓ′n(θ̃n)

ℓ′′n(θ̃n)
. Then,

√
n(δn − θ0)

d→ N (0, I(θ0)
−1)

Proof. By Taylor’s theorem we have

ℓ′n(θ̃n) = ℓ′n(θ0) + (θ̃n − θ0)ℓ′′n(θ0) +
(θ̃n − θ0)2

2
ℓ′′′n (ξn)

Substituting this into the definition of δn yields the following expanded form:

δn = θ̃n −
ℓ′n(θ0) + (θ̃n − θ0)ℓ′′n(θ0) +

(θ̃n−θ0)2
2

ℓ′′′n (ξn)

ℓ′′n(θ̃n)
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which implies that

√
n(δn − θ0) =

√
n(θ̃n − θ0)−

√
nℓ′n(θ0)

ℓ′′n(θ̃n)
−
√
n(θ̃n − θ0)ℓ′′n(θ0)

ℓ′′n(θ̃n)
−
√
n(θ̃n − θ0)2ℓ′′′n (ξn)

2ℓ′′n(θ̃n)

= −
1√
n
ℓ′n(θ0)

1
n
ℓ′′n(θ̃n)

+
√
n(θ̃n − θ0)

[
1− ℓ′′n(θ0)

ℓ′′n(θ̃n)
− (θ̃n − θ0)ℓ′′′n (ξn)

2ℓ′′n(θ̃n)

]
(4)

Now by Taylor’s theorem we have that

1

n
ℓ′′n(θ̃n) =

1

n
ℓ′′n(θ0) + (θ̃n − θ0)

1

n
ℓ′′′n (ξ

′
n).

Since 1
n
ℓ′′n(θ0)

p→ −I(θ0), (θ̃n − θ0) = op(1), and
1
n
ℓ′′′n (ξ

′
n) = Op(1), Slutsky’s theorem implies

that 1
n
ℓ′′n(θ̃n)

p→ −I(θ0). Moreover the CLT implies that 1√
n
ℓ′n(θ0)

d→ N (0, I(θ0)). Then

another application of Slutsky’s implies that the first term in (4) converges to N (0, I(θ0)
−1)

in distribution. Since we already know that
√
n(θ̃n − θ0) = Op(1) we need only show that

1− ℓ′′n(θ0)

ℓ′′n(θ̃n)
− (θ̃n − θ0)ℓ′′′n (ξn)

2ℓ′′n(θ̃n)
= op(1).

Since both 1
n
ℓ′′n(θ0)

p→ −I(θ0) and 1
n
ℓ′′n(θ̃n)

p→ −I(θ0) it is clear that ℓ′′n(θ0)

ℓ′′n(θ̃n)

p→ 1. We also have

that (θ̃n−θ0)ℓ′′′n (ξn)

2ℓ′′n(θ̃n)
=

(θ̃n−θ0) · 1
n
ℓ′′′n (ξn)

2
n
ℓ′′n(θ̃n)

= op(1) ·Op(1)

Op(1)
= op(1). Hence

1− ℓ′′n(θ0)

ℓ′′n(θ̃n)
− (θ̃n − θ0)ℓ′′′n (ξn)

2ℓ′′n(θ̃n)
= 1− (1 + op(1))− op(1) = op(1)

as desired.

Example 15.4. Suppose X1, . . . , Xn
iid∼ Cauchy(θ). One can easily verify that (A0)–(A4)

hold for the Cauchy location family. The next theorem will further imply that the sample
median is a

√
n-consistent estimator for θ. Then the Newton-Raphson update of the sample

median will produce an asymptotically efficient estimator.

Theorem 15.5 (Quantile CLT). Suppose X1, . . . , Xn are i.i.d. random variables with dis-
tribution function F (x) which is differentiable at θ with F ′(θ) = f(θ) ∈ (0,∞). Setting
p = F (θ) we have that

√
n(X(⌈np⌉) − θ)

d→ N
(
0,
p(1− p)
f(θ)2

)
Proof. Note that the assumptions of the theorem imply p ∈ (0, 1). The key idea in this proof
is that the following events are equivalent:

{X(⌈np⌉) ≤ t} ⇐⇒

{
n∑
i=1

1[Xi ≤ t] ≥ ⌈np⌉

}
.
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Given this fact we have that

P(
√
n(X(⌈np⌉) − θ) ≤ t) = P

(
X(⌈np⌉) ≤ t√

n
+ θ
)
= P

(
n∑
i=1

1
[
Xi ≤ t√

n
+ θ
]
≥ ⌈np⌉

)
.

Let Sn =
∑n

i=1 1
[
Xi ≤ t√

n
+ θ
]
and observe that Sn ∼ Binom (n, pn) where pn = F ( t√

n
+θ).

Then

P(
√
n(X(⌈np⌉) − θ) ≤ t) = P(Sn ≥ ⌈np⌉) = P

(
Sn − npn√
npn(1− pn)

≥ ⌈np⌉ − npn√
npn(1− pn)

)
. (5)

Since F is continuous at θ we have that pn → F (θ) = p as n→∞. Then the Berry–Esseen
theorem [2, 3] implies that

sup
t∈R

∣∣∣∣∣P
(

Sn − npn√
npn(1− pn)

≥ t

)
− Φ(−t)

∣∣∣∣∣ ≤ C√
n

[
p3n(1− pn) + pn(1− pn)3√

pn(1− pn)
3

]
→ 0.

In particular this implies that∣∣∣∣∣P
(

Sn − npn√
npn(1− pn)

≥ ⌈np⌉ − npn√
npn(1− pn)

)
− Φ

(
npn − ⌈np⌉√
npn(1− pn)

)∣∣∣∣∣→ 0. (6)

Moreover observe that by the definition of the derivative

pn − p
t/
√
n

=
F
(
θ + t√

n

)
− F (θ)

t/
√
n

→ f(θ) =⇒
√
n(pn − p)→ tf(θ).

for t ̸= 0 and for t = 0 we have
√
n(pn − p) = 0 = tf(θ). Hence

npn − ⌈np⌉√
npn(1− pn)

=

√
n(pn − p) +

√
n(p− ⌈np⌉

n
)√

pn(1− pn)
→ tf(θ) + 0√

p(1− p)
.

Then by the continuity of Φ we have that

Φ

(
npn − ⌈np⌉√
npn(1− pn)

)
→ Φ

(
tf(θ)√
p(1− p)

)
Combining this with equations (5) and (6) we have that

P(
√
n(X(⌈np⌉) − θ) ≤ t)→ Φ

(
tf(θ)√
p(1− p)

)
which directly implies the conclusion of the theorem.

Remark 15.6. A somewhat related and useful result, Pólya’s theorem [4], states that if

Xn
d→ X and FX is continuous, then FXn → FX uniformly.
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16 Lecture 16

16.1 Delta Method

Remark 16.1. Suppose an estimator θ̂ is an MLE for θ. Then for any function g(θ) we
may ask whether the estimator g(θ̂) is an MLE for g(θ). To do so we must properly define
the likelihood with respect to g(θ). This is trivial if g is one-to-one. If g is not one-to-one
things are less clear. To resolve any ambiguity we define the profile likelihood as

Lg(γ) = sup
θ:g(θ)=γ

L(θ | X).

With this convention g(θ̂) will indeed be an MLE for g(θ) (i.e. g(θ̂) will be a global maximizer
of the profile likelihood above).

Example 16.2. Suppose X1, . . . , Xn
iid∼ N (θ, 1) and g(θ) = θ2. Then the profile likelihood

takes the form

Lg(γ) = (2π)−
n
2 e−

1
2

∑n
i=1X

2
i e−

nγ
2 max

{
e
√
γ
∑n

i=1Xi , e−
√
γ
∑n

i=1Xi

}
.

Example 16.3. Suppose X1, . . . , Xn
iid∼ Pois(λ) and we want to estimate g(λ) = e−λ. We

already know that the MLE and UMVUE for λ is X̄. Then the MLE for g(λ) is e−X̄ .

However one can show that the UMVUE is given by
(
1− 1

n

)∑n
i=1Xi .

Theorem 16.4 (Delta Method). Suppose
√
n(Xn − µ)

d→ N (0, σ2). If g is differentiable at
µ, then √

n(g(Xn)− g(µ))
d→ N (0, [g′(µ)]2σ2).

Proof. By Taylor’s theorem, we have that

g(x) = g(µ) + (x− µ)g′(µ) + (x− µ)r(x)

where r(x) → 0 as x → µ. Given ε > 0, there exists δ > 0 such that |x − µ| < δ =⇒
|r(x)| < ε. We can write

√
n(g(Xn)− g(µ)) =

√
n(Xn − µ)g′(µ) +

√
n(Xn − µ)r(Xn).

We know the first term
√
n(Xn − µ)g′(µ)

d→ N (0, [g′(µ)]2σ2). Then it suffices to show that

r(Xn)
p→ 0. Because Xn is consistent, we have that P(|Xn − µ| < δ)→ 1 which implies that

P(|r(Xn)| < ε)→ 1. Since this holds for all ε > 0 we have that r(Xn)
p→ 0.

Theorem 16.5 (Second-Order Delta Method). Suppose
√
n(Xn − µ)

d→ N (0, σ2). If g is
twice differentiable at µ with g′(µ) = 0. Then

n(g(Xn)− g(µ))
d→ 1

2
g′′(µ)σ2χ2

1.
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Proof. By Taylor’s theorem (and the fact that g′(µ) = 0) we have that

g(x) = g(µ) +
g′′(µ)

2
(x− µ)2 + r(x)(x− µ)2

where r(x)→ 0 as x→ µ. Hence

n(g(Xn)− g(µ)) =
g′′(µ)

2
(
√
n(Xn − µ))2 + r(Xn)(

√
n(Xn − µ))2.

By the continuous mapping theorem g′′(µ)
2

(
√
n(Xn − µ))2

d→ 1
2
g′′(µ)σ2χ2

1. Then it suffices
to show that r(Xn) = op(1). But this follows from same reasoning as in the previous
theorem.

Remark 16.6. The Delta method can be generalized further. If we only assume that
√
n(Xn − µ)

d→ Y for some arbitrary random variable Y the conclusion becomes
√
n(g(Xn) − g(µ))

d→ g′(µ)Y . A similar generalization can be made for the second order
Delta method.

Example 16.7. Continuing Example 16.3 where X1, . . . , Xn
iid∼ Pois(λ) and g(λ) = e−λ, the

CLT implies that √
n(X̄ − λ) d→ N (0, λ).

Then the Delta method implies that

√
n(e−X̄ − e−λ) d→ N (0, λe−2λ).

Example 16.8. Let X1, . . . , Xn
iid∼ N (θ, σ2). Define the following estimators:

• δ1(X) = X̄2, which is the MLE.

• δ2(X) = X̄2 − σ2

n
, which is the UMVUE if σ2 is known.

• δ3(X) = X̄2 − S2

n
, which is the UMVUE if σ2 is unknown.

By the Delta Method,
√
n(δ1(X) − θ2) d→ N (0, 4θ2σ2). Since σ2

n
= Op(

1
n
) and S2

n
= Op(

1
n
),

the exact same asymptotic distribution holds for δ2 and δ3.

Example 16.9. Let X1, . . . , Xn
iid∼ U(0, θ) for θ > 0, and we want to estimate θ. The

estimator X(n) is the MLE, and n+1
n
X(n) is the UMVUE. For t ≥ 0 we have that

P(n(θ −X(n)) ≥ t) = P
(
X(n) ≤ θ − t

n

)
=

(
1− t

nθ

)n
→ e−t/θ.

Therefore, n(θ −X(n))
d→ Exp(θ). On the other hand since X(n)

p→ θ we have that

n
(
θ − n+1

n
X(n)

)
= n(θ −X(n))−X(n)

d→ Exp(1/θ)− θ.
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Example 16.10. Let X1, . . . , Xn
iid∼ Bern(p) for p ∈ (0, 1), and suppose a prior of p ∼

Beta(α, β). The Bayes estimator for the squared error loss is

δn(X) =

∑n
i=1Xi + α

n+ α + β
.

Then

δn(X)− X̄ =
X̄ + α/n

1 + (α + β)/n
− X̄ =

α/n− (α+ β)X̄/n

1 + (α + β)/n
= Op

(
n−1
)
= op(n

−1/2).

Hence δn(X) and X̄ converge to the same asymptotic distribution:

√
n(δn(X)− p) d→ N (0, p(1− p)).
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17 Lecture 17

17.1 Bernstein–von Mises

In Bayesian inference, the Bernstein–von Mises theorem provides the basis for using Bayesian
credible sets for confidence statements in parametric models. It states that under some con-
ditions, a posterior distribution converges in total variation distance to a normal distribution
centered near the MLE with variance equaling the inverse Fisher information.

Theorem 17.1 (Bernstein–von Mises). Suppose (A0)–(A4) hold (we will refer to these
assumptions jointly as (B0)) and that

(B1) ∀ε > 0, ∃δ > 0 such that

P( sup
|θ−θ0|<δ

1
n
|Rn(θ)| ≥ ε)→ 0

where Rn(θ) is defined by

ℓn(θ) = ℓn(θ0) + (θ − θ0)ℓ′n(θ0)−
(θ − θ0)2

2
[nI(θ0) +Rn(θ)].

(B2) For all δ > 0, ∃ε > 0 such that

P

(
sup

|θ−θ0|≥δ

ℓn(θ)− ℓn(θ0)
n

≤ −ε

)
→ 1

(B3) The prior for θ has a density π(θ) with respect to the Lebesgue measure on Θ which
is continuous and positive on Θ.

Then if π⋆(t | X) denotes the posterior density of
√
n(θ − Tn) | X where Tn = θ0 +

ℓ′n(θ0)
nI(θ0)

then ∫ ∣∣∣π⋆(t | X)−
√
I(θ0)φ(t

√
I(θ0))

∣∣∣ dt p→ 0

where the convergence in probability is with respect to the law P⊗n
θ0

. If we further assume
that

(B4)
∫
|θ|π(θ)dθ <∞

then ∫
|t| ·

∣∣∣π⋆(t | X)−
√
I(θ0)φ(t

√
I(θ0))

∣∣∣ dt p→ 0.

Proof. The posterior distribution of θ | X has density proportional to π(θ)eℓn(θ). Then the

posterior distribution of
√
n(θ−Tn) has density proportional to π

(
t√
n
+ Tn

)
e
ℓn

(
t√
n
+Tn

)
. So,

π⋆(t | X) =
π
(

t√
n
+ Tn

)
e
ℓn

(
t√
n
+Tn

)
−ℓn(θ0)−

ℓ′n(θ0)
2

2nI(θ0)

Cn
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where Cn =
∫
π
(

t√
n
+ Tn

)
e
ℓn

(
t√
n
+Tn

)
−ℓn(θ0)−

ℓ′n(θ0)
2

2nI(θ0) dt is the normalizing constant. Define

wn(t) = ℓn

(
t√
n
+ Tn

)
− ℓn(θ0)− ℓ′n(θ0)

2

2nI(θ0)
. We claim that∫ ∣∣∣∣π ( t√

n
+ Tn

)
ewn(t) − π(θ0)e

−t2I(θ0)
2

∣∣∣∣ dt p→ 0.

Given the claim we have that∫ ∣∣∣π⋆(t | X)−
√
I(θ0)φ(t

√
I(θ0))

∣∣∣ dt
=

1

Cn

∫ ∣∣∣π ( t√
n
+ Tn

)
ewn(t) − Cn

√
I(θ0)φ(t

√
I(θ0))

∣∣∣ dt
≤ 1

Cn

∫ ∣∣∣π( t√
n
+ Tn

)
ewn(t) − π(θ0)e−t

2I(θ0)/2
∣∣∣ dt︸ ︷︷ ︸

(I)

+
1

Cn

∫ ∣∣∣π(θ0)e−t2I(θ0)/2 − Cn√I(θ0)φ(t
√
I(θ0))

∣∣∣ dt︸ ︷︷ ︸
(II)

.

From the claim it also follows that

Cn =

∫
π
(

t√
n
+ Tn

)
ewn(t) dt

p→
∫
π(θ0)e

−t2I(θ0)
2 dt = π(θ0)

√
2π

I(θ0)
> 0

which implies that (I)
p→ 0. As for the second term observe that

(II) =
1

Cn

∫ ∣∣∣π(θ0)e−t2I(θ0)/2 − Cn√I(θ0)φ(t
√
I(θ0))

∣∣∣ dt
=

1

Cn

∣∣∣∣∣π(θ0)− Cn
√
I(θ0)

2π

∣∣∣∣∣
∫
e−t

2I(θ0)/2 dt

=
C

Cn

∣∣∣∣∣π(θ0)− Cn
√
I(θ0)

2π

∣∣∣∣∣
p−→ C

π(θ0)

√
I(θ0)

2π
|π(θ0)− π(θ0)|

= 0.

Hence given the claim we have that∫ ∣∣∣π⋆(t | X)−
√
I(θ0)φ(t

√
I(θ0))

∣∣∣ dt p→ 0

as desired.
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We are left to prove the claim. To do this observe that by (B1),

ℓn

(
t√
n
+ Tn

)
= ℓn(θ0) +

(
t√
n
+ Tn − θ0

)
ℓ′n(θ0)

−

(
t√
n
+ Tn − θ0

)2
2

[
nI(θ0) +Rn

(
t√
n
+ Tn

)]
.

Then using the fact that Tn = θ0 +
ℓ′n(θ0)
nI(θ0)

we have that

ℓn

(
t√
n
+ Tn

)
− ℓn(θ0) =

(
t√
n
+
ℓ′n(θ0)

nI(θ0)

)
ℓ′n(θ0)

− 1

2

(
t√
n
+
ℓ′n(θ0)

nI(θ0)

)2 [
nI(θ0) +Rn

(
t√
n
+ Tn

)]
=
tℓ′n(θ0)√

n
+
ℓ′n(θ0)

2

nI(θ0)
− t2I(θ0)

2
− tℓ′n(θ0)√

n

− ℓ′n(θ0)
2

2nI(θ0)
− 1

2

(
t√
n
+
ℓ′n(θ0)

nI(θ0)

)2

Rn

(
t√
n
+ Tn

)
=

ℓ′n(θ0)
2

2nI(θ0)
− t2I(θ0)

2

− 1

2

(
t√
n
+
ℓ′n(θ0)

nI(θ0)

)2

Rn

(
t√
n
+ Tn

)
.

Therefore,

wn(t) = −
t2I(θ0)

2

− 1

2

(
t√
n
+
ℓ′n(θ0)

nI(θ0)

)2

Rn

(
t√
n
+ Tn

)
.

Next we split the integral from the claim into three parts:∫ ∣∣∣∣π ( t√
n
+ Tn

)
ewn(t) − π(θ0)e

−t2I(θ0)
2

∣∣∣∣ dt = ∫
|t|≤M

[...] dt︸ ︷︷ ︸
(I)

+

∫
M<|t|<

√
nδ′

[...] dt︸ ︷︷ ︸
(II)

+

∫
|t|≥

√
nδ′

[...] dt︸ ︷︷ ︸
(III)

.

We will show each term converges to 0 in probability. For the first term it suffices to show
that

sup
|t|≤M

∣∣∣∣π ( t√
n
+ Tn

)
ewn(t) − π(θ0)e

−t2I(θ0)
2

∣∣∣∣ p→ 0.

Then by Lemma 17.2 it suffices to check that

sup
|t|≤M

∣∣∣π ( t√
n
+ Tn

)
− π(θ0)

∣∣∣ p→ 0 and sup
|t|≤M

∣∣∣∣wn(t) + t2I(θ0)

2

∣∣∣∣ p→ 0.
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To check the first condition notice that by the LLN, Tn = θ0 +
ℓ′n(θ0)
nI(θ0)

p→ θ0 +
Eℓ′(θ0)
I(θ0)

= θ0
(recall that under assumption (B0) the score has mean zero). Then

sup
|t|≤M

∣∣∣( t√
n
+ Tn

)
− θ0

∣∣∣ ≤ M√
n
+ |Tn − θ0|

p→ 0. (7)

Since the convergence above is uniform over {t : |t| ≤ M} and π is continuous this implies

sup|t|≤M

∣∣∣π ( t√
n
+ Tn

)
− π(θ0)

∣∣∣ p→ 0. To check the second condition observe that

sup
|t|≤M

∣∣∣∣wn(t) + t2I(θ0)

2

∣∣∣∣ = 1

2
sup
|t|≤M

∣∣∣∣∣
(

t√
n
+
ℓ′n(θ0)

nI(θ0)

)2

Rn

(
t√
n
+ Tn

)∣∣∣∣∣
≤
(
M2 +

ℓ′n(θ0)
2

nI(θ0)2

)
sup
|t|≤M

1
n

∣∣∣Rn

(
t√
n
+ Tn

)∣∣∣ .
Now M2 + ℓ′n(θ0)

2

nI(θ0)2
d→ M2 + I−1(θ0)χ

2
1 = Op(1) (by assumption (B0)). So it suffices to show

that sup|t|≤M
1
n

∣∣∣Rn

(
t√
n
+ Tn

)∣∣∣ p→ 0. Fix ε > 0. By (B1) there exists a δ > 0 such that

P( sup
|θ−θ0|<δ

1
n
|Rn(θ)| ≤ ε)→ 1.

By (7) we know that the event

An =
{∣∣∣( t√

n
+ Tn

)
− θ0

∣∣∣ < δ, ∀t : |t| ≤M
}

satisfies P(An)→ 1. Then

P( sup
|t|≤M

1
n

∣∣∣Rn

(
t√
n
+ Tn

)∣∣∣ ≤ ε) ≥ P( sup
|θ−θ0|<δ

1
n
|Rn(θ)| ≤ ε, An)→ 1.

Since this holds for all ε > 0 we conclude that sup|t|≤M
1
n

∣∣∣Rn

(
t√
n
+ Tn

)∣∣∣ p→ 0 and therefore

that (I)
p→ 0

To deal with (III) we observe that

(III) ≤
∫
|t|≥

√
nδ′
π
(

t√
n
+ Tn

)
ewn(t) dt+

∫
|t|≥

√
nδ′
π(θ0)e

−t2I(θ0)
2 dt.

Since π(θ0)e
−t2I(θ0)

2 is integrable the second term above converges to 0. So we need only

control
∫
|t|≥

√
nδ′
π
(

t√
n
+ Tn

)
ewn(t) dt. Using the change of variable t =

√
n(θ − Tn) we have

that ∫
|t|≥

√
nδ′
π
(

t√
n
+ Tn

)
ewn(t) dt =

∫
|θ−Tn|≥δ′

π (θ) e
ℓn(θ)−ℓn(θ0)−

ℓ′n(θ0)
2

2nI(θ0)
√
n dθ

≤
∫
|θ−Tn|≥δ′

π (θ) eℓn(θ)−ℓn(θ0)
√
n dθ.
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By (B2) there exists ε′ = ε′(δ′) such that Bn =
{
sup|θ−θ0|≥δ′/2

ℓn(θ)−ℓn(θ0)
n

≤ −ε′
}

satisfies

P(Bn) → 1. Let Cn = {|Tn − θ0| ≤ δ′/2} which also satisfies P(Cn) → 1. For θ such that
|θ − Tn| ≥ δ′ we have that on Bn ∩ Cn,

|θ − θ0| ≥ ||θ − Tn| − |Tn − θ0|| ≥ δ′/2 =⇒ ℓn(θ)− ℓn(θ0) ≤ −nε′.

Hence on Bn ∩ Cn we have that,∫
|θ−Tn|≥δ′

π (θ) eℓn(θ)−ℓn(θ0)
√
n dθ ≤

√
ne−nε

′
∫
|θ−Tn|≥δ′

π(θ) dθ ≤
√
ne−nε

′ → 0.

Since P(Bn ∩ Cn)→ 1 this implies (III)
p→ 0 for any fixed choice of δ′.

To deal with (II) we will show that there exists C⋆(ϵ), δ⋆ such that ∀ε > 0 and n large
enough,

P
(
π
(

t√
n
+ Tn

)
ewn(t) ≤ C⋆π(θ0)e

−t2I(θ0)
4 , ∀t : |t| ≤

√
nδ⋆
)
≥ 1− ε.

By (B1) there exists δ⋆ such that

P( sup
|θ−θ0|<2δ⋆

1
n
|Rn(θ)| ≤ I(θ0)

4︸ ︷︷ ︸
=:Dn

)→ 1.

Then on the event En = {|Tn − θ0| ≤ δ⋆} ∩Dn we have that

sup
|t|≤

√
nδ⋆

π(Tn +
t√
n
) ≤ sup

|θ−θ0|≤2δ⋆
π(θ) =: C1.

Note that we still have P(En) → 1. As we mentioned earlier ℓ′n(θ0)
2

nI(θ0)2
= Op(1) so there exists

a C2 depending on ϵ such that

P

(∣∣∣∣ ℓ′n(θ0)2nI(θ0)2

∣∣∣∣ ≤ C2︸ ︷︷ ︸
=:Fn

)
> 1− ε.

Then on Fn ∩ En we have that for all t such that |t| ≤
√
nδ⋆,

ewn(t) ≤ e
− t2I(θ0)

2
+

(
t2+

ℓ′n(θ0)
2

nI(θ0)
2

)
1
n

∣∣∣∣Rn

(
t√
n
+Tn

)∣∣∣∣ ≤ e−
t2I(θ0)

2
+

(t2+C2)I(θ0)
4 = e

C2I(θ0)
4 e−

t2I(θ0)
4

which implies,

π
(

t√
n
+ Tn

)
ewn(t) ≤ C1e

C2I(θ0)
4︸ ︷︷ ︸

C⋆

e−
t2I(θ0)

4 .

Since P(Fn∩En) ≥ 1−ε for n large enough this yields the desired conclusion. Then applying
this result we have that for n large enough,

(II) ≤ (C⋆ + 1)π(θ0)

∫
M<|t|<

√
nδ⋆

e
−t2I(θ0)

4 dt.
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with probability 1 − ε. Since e
−t2I(θ0)

4 is integrable we can choose Mε large enough so that∫
Mε<|t| e

−t2I(θ0)
4 dt < ε

(C⋆+1)π(θ0)
. Hence taking M = Mε implies that for n large enough

(II) < ε with probability 1− ε. We now have all the tools we need to conclude the proof.

We have shown that for every fixedM, δ′ the terms (I) and (III) both converge in probability
to 0. Then fixing some ε > 0 we take M =Mε and δ

′ = δ⋆ so that (I) + (II) + (III) ≤ ε with
probability converging to at least 1 − ε. Since this holds for all ε > 0 we must have that
(I) + (II) + (III)

p→ 0 as desired.

The proof of the final part of the theorem involving assumption (B4) is left as a homework
exercise.

Lemma 17.2. Let {Xn(t)}t∈T and {Yn(t)}t∈T be stochastic processes over T . Suppose that
the following hold:

sup
t∈T
|Xn(t)− f(t)|

p→ 0, sup
t∈T
|Yn(t)− c|

p→ 0

where f : T 7→ R is a bounded non-random function and c is a non-random constant. Then

sup
t∈T
|Yn(t)eXn(t) − cef(t)| p−→ 0.

Proof. Let ε > 0 and define the event

An =

{
sup
t∈T
|Xn(t)− f(t)| < ε, sup

t∈T
|Yn(t)− c| < ε

}
so that P(An)→ 1. Let us place ourselves on this event for the remainder of the proof. By
the triangle inequality we have that,

sup
t∈T
|Yn(t)eXn(t) − cef(t)| ≤ sup

t∈T
|Yn(t)eXn(t) − ceXn(t)|+ sup

t∈T
|ceXn(t) − cef(t)|

= sup
t∈T
|Yn(t)− c|eXn(t) + |c| sup

t∈T
|eXn(t) − ef(t)|.

On An we can bound |Xn(t)| ≤ ∥f∥∞+ε. Applying this to the inequality above we get that,

sup
t∈T
|Yn(t)eXn(t) − cef(t)| ≤ e∥f∥∞+ε sup

t∈T
|Yn(t)− c|+ c sup

t∈T
|eXn(t) − ef(t)|

≤ e∥f∥∞+εε+ |c| sup
t∈T
|eXn(t) − ef(t)|.

Since the first term above can be made arbitrarily small for ε small enough, we are left to
bound supt∈T |eXn(t) − ef(t)|. To do this, observe that taylor expanding ex yields,

ex − ex0 = eξ(x− x0) for some ξ ∈ [x ∧ x0, x ∨ x0] =⇒ |ex − ex0| ≤ ex∨x0 · |x− x0|.

Applying this to |eXn(t) − ef(t)| we have that on An,

sup
t∈T
|eXn(t) − ef(t)| ≤ e∥f∥∞+ε sup

t∈T
|Xn(t)− f(t)| ≤ e∥f∥∞+εε.

Since this can be made arbitrarily small for ε small enough we are done.
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18 Lecture 18

18.1 Hypothesis Testing

We can frame hypothesis testing as an inference problem in the following manner. Let
{Pθ : θ ∈ Θ} be a family of probability measures dominated by a σ-finite measure µ (yielding
densities pθ(x) =

dPθ

dµ
). Let Θ = Θ0 ∪ Θ1 be a disjoint partition of the parameter space and

g(θ) = 1[θ ∈ Θ1]. The central problem in hypothesis testing is to estimate g(θ).

Let ϕ : X → {0, 1} be an estimator of g(θ). Then ϕ is called a (non-randomized) test
function. There are two types of error we care about when choosing a test function. The Type
I error (also called the size) of a test function ϕ is supθ∈Θ0

Pθ(ϕ(X) = 1) = supθ∈Θ0
Eθ[ϕ(X)].

One can think of the Type I error as the probability of rejecting the null hypothesis (Θ0)
under the null. Analogously, the Type II error of a test function ϕ is the probability of
accepting the null hypothesis under the alternative (Θ1). Often we talk about the power of
a test which is defined as 1−Type II error: infθ∈Θ1 Eθ[ϕ(X)] = 1− supθ∈Θ1

Pθ(ϕ(X) = 0).

Typically we choose a limit α for the size of our test and try to find a test function which
maximizes power subject to the level constraint:

max
ϕ
{ sup
θ∈Θ1

Eθ[ϕ(X)]} s.t. sup
θ∈Θ0

Eθ[ϕ(X)] ≤ α.

If a test function has size ≤ α we say it has level α. Note that the function βϕ(θ) = Eθ[ϕ(X)]
is called the power function of a test ϕ.

We can also define randomized tests ϕ : X → [0, 1] which we interpret as rejecting the null
if ϕ(X) = 1, accepting the null if ϕ(X) = 0, and rejecting the null with probability p if
ϕ(X) = p. The definitions for power and size are the same for randomized tests.

Definition 18.1. A test ϕ is most powerful (MP) for testing H0 : θ = θ0 v.s. H1 : θ = θ1 at
level α if ϕ is level α and if for any other level α test ψ, βϕ(θ1) ≥ βψ(θ1).

Theorem 18.2 (Neyman-Pearson Lemma). Let α ∈ [0, 1], θ0, θ1 ∈ Θ.

(i) For testing H0 : θ = θ0 v.s. H1 : θ = θ1 there exists a (possibly randomized) test ϕ and
a constant K ∈ [0,∞] such that ϕ satisfies,

(NP1): ϕ(X) =

{
1 if pθ1(X) > Kpθ0(X)

0 if pθ1(X) < Kpθ0(X)

and (NP2): Eθ0 [ϕ(X)] = α. Note that we use the convention ∞ · 0 = 0.

(ii) If a test satisfies (NP1) and (NP2) then it is MP for testing H0 v.s. H1 at level α.

(iii) If ϕ is MP for testing H0 v.s. H1 at level α then ϕ must satisfy (NP1) for a com-
mon value of K. ϕ must also satisfy (NP2) unless there is another test ψ such that
Eθ0 [ψ(X)] ≤ α and Eθ1 [ψ(X)] = 1.
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Proof.

(i) Assume that α ∈ (0, 1). Let L(x) = pθ1(x)/pθ0(x) be the likelihood ratio. Then

f(c) := Pθ0(L(X) > c) = 1− Pθ0(L(X) ≤ c)

is right-continuous and non-increasing with f(−∞) = 1 and f(∞) = 0. Then it follows
that ∃c0 such that f(c0) ≤ α ≤ f(c0−). In particular we take c0 = inf{c : f(c) ≤ α}
(then f(c0) ≤ α follows from the right continuity of f and α ≤ f(c0−) follows from
the definition of the infimum). Take K = c0 and define the test ϕ as in (NP1). If
f(c0−)− f(c0) = Pθ0(pθ1(X) = c0pθ0(X)) = 0 then ϕ is defined a.s. and satisfies

Eθ0 [ϕ(X)] = Pθ0(pθ1(X) > c0pθ0(X)) = f(c0) = α.

If f(c0−)− f(c0) > 0 define the test

ϕ(X) =


1 if pθ1(X) > c0pθ0(X)

γ if pθ1(X) = c0pθ0(X)

0 if pθ1(X) < c0pθ0(X)

where γ = α−f(c0)
f(c0−)−f(c0) . Again ϕ satisfies

Eθ0 [ϕ(X)] = f(c0) + γ[f(c0−)− f(c0)] = f(c0) + α− f(c0) = α.

Finally if α = 0 or 1 then it is easy to see that taking K = ∞ or K = 0 respectively
yields tests with the desired properties.

(ii) Let ϕ be a test satisfying (NP1) and (NP2) and ψ be any other level α test. We claim
that ∫

X
(pθ1(x)−Kpθ0(x))(ϕ(x)− ψ(x)) dµ(x) ≥ 0.

This follows because

pθ1(x)−Kpθ0(x) > 0 =⇒ ϕ(x)− ψ(x) = 1− ψ(x) ≥ 0

pθ1(x)−Kpθ0(x) < 0 =⇒ ϕ(x)− ψ(x) = 0− ψ(x) ≤ 0.

By the claim it follows that

Eθ1 [ϕ(X)]− Eθ1 [ψ(X)] ≥ K(Eθ0 [ϕ(X)]− Eθ0 [ψ(X)]) ≥ K(α− α) = 0.

Note that if K =∞ then α = 0 and it is easy to see that any other level 0 test cannot
have a larger rejection region.

(iii) Let ϕ be the test from (i). Let ψ be any MP level α test. From the proof of part (ii)
we get that ϕ(X) = ψ(X) a.s. on the set {pθ1(x) −Kpθ0(x) ̸= 0} (else the inequality
above would be strict). Hence ψ satisfies (NP1) for a common value of K.

Finally we are left to show that ψ must also satisfy (NP2) unless there is another
test ψ′ such that Eθ0 [ψ′(X)] ≤ α and Eθ1 [ψ′(X)] = 1. Then we need only show that
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Eθ0 [ψ(X)] < α implies there exists such a ψ′. Hence it suffices to show that Eθ0 [ψ(X)] <
α and Eθ1 [ψ(X)] < 1 implies that ψ is not MP. So suppose that Eθ0 [ψ(X)] < α and
Eθ1 [ψ(X)] < 1. Then from the proof of part (ii) we have that,

Eθ1 [ϕ(X)]− Eθ1 [ψ(X)] ≥ K(Eθ0 [ϕ(X)]− Eθ0 [ψ(X)]) = K(α− Eθ0 [ψ(X)]).

If K > 0, the RHS is strictly positive since Eθ0 [ψ(X)] < α. Then this implies that
Eθ1ϕ(X) > Eθ1ψ(X) so ψ is not MP. If K = 0 then ϕ always rejects unless pθ1(X) = 0.
This implies that Eθ1 [ϕ(X)] =

∫
1 · pθ1(x) dx = 1. Since Eθ1 [ψ(X)] < 1 this implies

that ψ is not MP.

Example 18.3. Let X ∼ Bern(θ), Y ∼ N (0, 1) be independent. Suppose we wish to test
H0 : θ = 1/2 v.s H1 : θ = 2/3 at level α = 0.05. Then pθ(x, y) ∝ θx(1− θ)1−xe−y2/2 so

L(x, y) =
p2/3(x, y)

p1/2(x, y)
=

{
2/3 if x = 0

4/3 if x = 1.

Since Pθ0(L(X, Y ) > 4/3) = 0 < α and Pθ0(L(X, Y ) < 4/3) = Pθ0(X = 0) = 1/2 > α we
know that a MP test must take the form from the Neyman-Pearson Lemma with K = 4/3.
To achieve exact size α we must have the test reject on the set L(X, Y ) = 4/3 with probability
α/Pθ0(L(X, Y ) = 4/3) = 2α. Hence an MP test is

ϕ(X, Y ) =


1 if L(X,Y ) > 4/3

1 if L(X,Y ) = 4/3 and Y ≤ Φ−1(2α)

0 if L(X,Y ) = 4/3 and Y > Φ−1(2α)

0 if L(X,Y ) < 4/3

≡

{
1 if X = 1 and Y ≤ Φ−1(2α)

0 otherwise.

Example 18.4. Let X1, X2
iid∼ Bern(θ). Suppose we wish to test H0 : θ = 1/2 v.s H1 : θ =

2/3 at level α = 0.5. Setting L(x1, x2) =
pθ1 (x)

pθ0 (x)
one can easily verify that L(1, 1) = 16/9,

L(0, 1) = L(1, 0) = 8/9, and L(0, 0) = 4/9. Then it follows that Pθ0(L(X1, X2) > 8/9) =
1/4 < α and Pθ0(L(X1, X2) > 4/9) = 3/4 > α so the MP Neyman-Pearson test must have
K = 8/9. To achieve size α we must reject on the set L(X1, X2) = 8/9 with probability 1/2.
Hence an MP test is

ϕ(X1, X2) =


1 if L(X1, X2) > 8/9

1 if L(X1, X2) = 8/9 and X1 = 1

0 if L(X1, X2) = 8/9 and X1 = 0

0 if L(X1, X2) < 8/9

≡

{
1 if X1 = 1

0 otherwise.

Remark 18.5. Part (iii) of the Neyman-Pearson Lemma implies that if µ({x : pθ1(x) =
Kpθ0(x)}) = 0 then all MP level α tests are a.s. unique.

Corollary 18.6. Let β = β(θ1) be the power of an MP level α test for H0 : θ = θ0 v.s.
H1 : θ = θ1. If α ∈ (0, 1) then α < β unless pθ0 = pθ1 a.s µ.
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Proof. Let ψ(X) ≡ α. Then ψ is a level α test with power α. Since β is the power of an
MP test we must have that β ≥ βψ(θ1) = α. Now suppose β = α ∈ (0, 1). Then ψ is MP
which implies there exists a K such that pθ1(X) = Kpθ0(X) a.s. µ (since ψ never equals 0
or 1) and therefore pθ1(x) = pθ0(x) a.s µ.

18.2 UMP Tests

Definition 18.7. A test ϕ is said to be a Uniformly Most Powerful (UMP) level α test for
testing H0 : θ ∈ Θ0 v.s. H1 : θ ∈ Θ1 if supθ∈Θ0

Eθ[ϕ(X)] ≤ α and ϕ is MP for testing
H0 : θ ∈ Θ0 v.s. H1 : θ = θ1 for all θ1 ∈ Θ1.

Example 18.8. Let X1, . . . , Xn
iid∼ N (θ, 1). Suppose we wish to test H0 : θ = 0 v.s.

H1 : θ > 0 at level α. Fix a particular θ1 > 0. Then

L(x) =
pθ1(x)

pθ0(x)
= exp

(
nx̄θ1 −

nθ21
2

)
.

Rejecting for large values of L(X) is equivalent to rejecting for large values of X̄. Hence the
NP Lemma yields a MP test of the form ϕ(X) = 1[X̄ > K]. Since X̄ ∼ 1√

n
N (0, 1) under

H0 we must take K = Φ−1(1− α)/
√
n. Since this test does not depend on θ1 it is UMP.

Example 18.9. Let X1, . . . , Xn
iid∼ N (θ, 1). Suppose we wish to test H0 : θ = 0 v.s.

H1 : θ ̸= 0 at level α. Fix a particular θ1 ̸= 0. If θ1 > 0 then the test from the previous
example is MP. If θ1 < 0 a symmetric argument shows that the test 1[X̄ < −K] for the
same K as above is MP. It is not hard to see that these tests have different power functions.
Moreover by Remark 18.5 we see that these MP tests are a.s. unique. Hence no UMP test
can exist since it would have to agree with both of these tests at the same time.
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19 Lecture 19

19.1 Monotone Likelihood Ratios

Definition 19.1. Suppose Θ is an interval. An identifiable family {pθ : θ ∈ Θ} of densities
is said to have Monotone Likelihood Ratios (MLR) if there exists a statistic T (X) such that
for all θ1 < θ2 the likelihood ratio

Lθ2,θ1(x) =
pθ2(x)

pθ1(x)

is non-decreasing in T (x) a.s. on the set {x : pθ1(x) > 0} ∪ {x : pθ2(x) > 0}

Example 19.2. Consider the exponential family pθ(x) = exp(η(θ)T (x) − B(θ))h(x) where
η is a non-decreasing function. Then

Lθ2,θ1(x) =
pθ2(x)

pθ1(x)
= exp([η(θ2)− η(θ1)]T (x)− [B(θ2)−B(θ1)])

is non-decreasing in T (x) so the family has MLR in T .

Example 19.3. Let X1, . . . , Xn
iid∼ Unif(0, θ) for θ > 0. Then it can be easily verified that

Lθ2,θ1(x) =

{
(θ1/θ2)

n if 0 < x(n) < θ1

∞ if θ1 ≤ x(n) < θ2.

Since this is increasing in T (x) = x(n) the model has MLR in T (X). Note that we can ignore
the value of the likelihood ratio off of the supports of pθ1 and pθ2 .

Theorem 19.4 (UMP Test for MLR Families). Let {pθ : θ ∈ Θ} have MLR in T (x). Let
θ0 ∈ Θ. Then for testing H0 : θ ≤ θ0 v.s. H1 : θ > θ0 there exists a UMP level α test ϕ
which satisfies:

(i)

ϕ(X) =


1 if T (X) > c

γ if T (X) = c

0 if T (X) < c

where γ, c are chosen so that Eθ0 [ϕ(X)] = α.

(ii) The power function of ϕ is strictly increasing on the set {θ : 0 < βϕ(θ) < 1}.

(iii) For all θ′, ϕ is UMP for testing H0 : θ ≤ θ′ v.s. H1 : θ > θ′ at level α′ = βϕ(θ
′).

(iv) For any θ < θ0, ϕ minimizes Type I error at θ (i.e. βϕ(θ)) among all tests satisfying
Eθ0 [ϕ(X)] = α.
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Proof.

(i) Let α ∈ (0, 1) and define f(c) = Pθ0(T (X) > c). The f is right-continuous and
non-increasing with f(−∞) = 1 and f(∞) = 0. As we saw in the proof of the
Neyman-Pearson Lemma this implies ∃c0 such that f(c0) ≤ α ≤ f(c0−). Define the
test

ϕ(X) =


1 if T (X) > c0

γ if T (X) = c0

0 if T (X) < c0

where γ = α−f(c0)
f(c0−)−f(c0) . Note that if f(c0−) − f(c0) = 0 the event T (X) = c0 has

measure zero so ϕ is always well-defined a.s. Repeating the calculations from the proof
of the NP Lemma one can easily verify that Eθ0 [ϕ(X)] = α. If α = 0 or 1 we take
c0 =∞ and c0 = −∞ respectively and it is easily verified that Eθ0 [ϕ(X)] = α.

Now fix some θ1 > θ0. We will first show that ϕ is MP for H0 : θ = θ0 v.s. H1 : θ = θ1.
By part (ii) of the NP Lemma it suffices to check that there exists a K such that ϕ
rejects when L(X) := pθ1(X)/pθ0(X) > K and accepts when L(X) < K. Since the
family has MLR in T there exists a non-decreasing g such that L(x) = g(T (x)). Then
taking K = g(c0) we have that

L(X) > K =⇒ g(T (X)) > g(c0) =⇒ T (X) > c0 =⇒ ϕ(X) = 1

L(X) < K =⇒ g(T (X)) < g(c0) =⇒ T (X) < c0 =⇒ ϕ(X) = 0.

Hence ϕ is MP level α for the simple v.s simple case. Since ϕ does not depend on θ1
it follows that ϕ is UMP level α for testing H0 : θ = θ0 v.s. H1 : θ > θ0.

Now fix some θ′0 ≤ θ0. Consider testing H0 : θ = θ′0 v.s. H1 : θ = θ0. From
the argument above we know that ϕ is MP level βϕ(θ

′
0) for this problem. Then by

Corollary 18.6 it follows that βϕ(θ
′
0) ≤ βϕ(θ0) = α. Hence ϕ has level α for the original

testing problem H0 : θ ≤ θ0 v.s. H1 : θ > θ0.

Finally, suppose that ψ is any other level α test for H0 : θ ≤ θ0 v.s. H1 : θ > θ0. Then
restricting ψ to a test for H0 : θ = θ0 v.s. H1 : θ > θ0 yields a level α test. Since ϕ is
UMP level α for this restricted testing problem we must have that βψ(θ) ≤ βϕ(θ) for
all θ > θ0. Hence ϕ is UMP level α for the original testing problem.

(ii) Fix θ′ ≤ θ′′ and consider testing H0 : θ = θ′ v.s. H1 : θ = θ′′. By the argument
above we know that ϕ is MP level βϕ(θ

′) for this testing problem. By Corollary 18.6
it follows that βϕ(θ

′) < βϕ(θ
′′) as long as βϕ(θ

′) ∈ (0, 1) and pθ′ ̸= pθ′′ . Since MLR
families are assumed to be identifiable we have that βϕ(θ) is strictly increasing on the
set {θ : 0 < βϕ(θ) < 1}.

(iii) This follows immediately from the proof of (i).

(iv) Fix θ′ < θ0. We know that ϕ minimizes Eθ′ [ϕ(X)] subject to Eθ0 [ϕ(X)] = α ⇐⇒ ϕ
maximizes Eθ′ [1 − ϕ(X)] subject to Eθ0 [1 − ϕ(X)] = 1 − α. Then defining ψ = 1 − ϕ
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it suffices to show that ψ is MP level 1 − α for testing H0 : θ = θ0 v.s. H1 : θ = θ′.
Observe that ψ has the form

ψ(X) =


1 if T (X) < c

1− γ if T (X) = c

0 if T (X) > c

By a symmetric argument to that in the proof of part (i) it follows that ψ is MP level
1− α.

Example 19.5. Let X1, . . . , Xn
iid∼ Unif(0, θ). Suppose we wish to test H0 : θ ≤ 1 v.s.

H1 : θ > 1. Recall that this family has MLR in X(n). Hence the test

ϕ(X) = 1[X(n) > K]

is UMP level α where K is chosen so that Pθ=1(X(n) > K) = α.

19.2 Least Favorable Distributions

Suppose Θ0 is composite and let π be a prior distribution over Θ0. Then we can define a
distribution on X by

mπ(x) =

∫
Θ0

pθ(x)dπ(θ).

Theorem 19.6. Suppose ϕπ is an MP level α test for testing H0 : X ∼ mπ v.s. H1 : X ∼ pθ1
and that ϕπ has size α on Θ0 (i.e supθ∈Θ0

Eθ[ϕ(X)] ≤ α). Then:

(i) ϕπ is MP for testing H0 : θ ∈ Θ0 v.s. H1 : θ = θ1.

(ii) If ϕπ is unique MP for H0 : X ∼ mπ v.s. H1 : X ∼ pθ1 then ϕπ is unique MP for
H0 : θ ∈ Θ0 v.s. H1 : θ = θ1.

(iii) βπ = Eθ1 [ϕπ(X)] ≤ Eθ1 [ϕπ′(X)] = βπ′ for all other priors π′.

Proof.

(i) Let ϕ be level α for H0 : θ ∈ Θ0 v.s. H1 : θ = θ1. Then by Fubini

Em[ϕ(X)] =

∫
Θ

Eθ[ϕ(X)]dπ(θ) ≤
∫
Θ

αdπ(θ) = α.

Hence ϕ is level α for H0 : X ∼ mπ v.s. H1 : X ∼ pθ1 . Since ϕπ is MP for H0 : X ∼ mπ

v.s. H1 : X ∼ pθ1 this implies that Eθ1 [ϕπ(X)] ≥ Eθ1 [ϕ(X)].

(ii) This follows from the proof of (i).
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(iii) Let π′ be an arbitrary prior on Θ0. By the same argument used in the proof of (i) we
have that Em′ [ϕπ(X)] ≤ α. Since ϕπ′ is MP level α for this testing problem, we must
have that Eθ1 [ϕπ′(X)] ≥ Eθ1 [ϕπ(X)].

Example 19.7. Let X1, . . . , Xn
iid∼ f for f a density with respect to the Lebesgue measure.

Let p = P(X1 > 0). Suppose we wish to test H0 : p ≤ 1/2 v.s. H1 : p > 1/2 at level
α ∈ (0, 1). Start by fixing a density f1 such that p1 = Pf1(X1 > 0) > 1/2. Let

f+
1 (x) =

f1(x)1[x > 0]∫
R+ f1(x)dx

be the density of X | X > 0 under f1. Let f
−
1 be the corresponding density for X | X < 0.

Then
f1 = p1f

+
1 + (1− p1)f−

1 .

In particular we can equivalently represent a density f1 by the tuple (p1, f
+
1 , f

−
1 ). Let π

be a point mass on (1/2, f+
1 , f

−
1 ). Then we can find a test for H0 : (1/2, f+

1 , f
−
1 ) v.s H1 :

(p1, f
+
1 , f

−
1 ). One can easily verify that the corresponding likelihood ratio is increasing in

Nn =
∑n

i=1 1[Xi < 0]. Hence there exists an MP test of the form

ϕ(X) =


1 if Nn > c

γ if Nn = c

0 if Nn < c.

Since ϕ does not depend on the choice of f1, it is level α on H0 : p = 1/2. In fact, one can
verify that ϕ is level α on all of H0 : p ≤ 1/2 by checking that Ep[ϕ(X)] is non-decreasing in
p. Then by the previous theorem we have that ϕ is MP for H0 : p ≤ 1/2 v.s H1 : (p1, f

+
1 , f

−
1 ).

Since ϕ does not depend on f1 or p1 it must in fact be UMP level α for H0 : p ≤ 1/2 v.s
H1 : p > 1/2.
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